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INTRODUCTION 
This  F i n a l  Report  c o n t a i n s  t h e  r e s u l t s  of  o u r  r e s e a r c h  
a c t i v i t i e s  suppor ted  by NASA Grant NGR 22-017-019. 
P a r t  I d e a l s  w i th  t h e  s c a t t e r i n g  o f  l i g h t  from a 
r o t a t i n g  ground g l a s s  reproduced from D r .  Richard T u f t ' s  
Ph.3. t h e s i s .  
P a r t  I1 concerns  i t s e l f  w i t h  t h e  count ing  s t a t i s t i c s  
of second harmonic l i g h t  gene ra t ed  by a pseudo-thermal source  
and i s  i n  t h e  form o f  a r e p r i n t  submi t ted  f o r  p u b l i c a t i o n  t o  
t h e  J o u r n a l  o f  t h e  O p t i c a l  S o c i e t y  of  America. 
P a r t  I11 d e s c r i b e s  an impor t an t  theorem i n  Applied 
Opt ics  d e a l i n g  wi th  t h e  upper bound o f  t h e  o p t i c a l  t r a n s f e r  
f u n c t i o n .  I n  a d d i t i o n  we have t a k e n  t h e  l i b e r t y  o f  e n c l o s i n g  
r e p r i n t s  from a r e c e n t  JOAS a r t i c l e  d e a l i n g  wi th  some 
r e s e a r c h  c a r r i e d  o u t  du r ing  t h e  prev ious  NASA g r a n t .  
1 

Experhlenta l  r e s u l t s  cczzerning  t h e  s t a t i s t i c a l  
p r ~ p e r t i e s  of a  l i g h t  beam s l a t t e r e d  by two r o t a t i n g  
ground g l a s s e s  have been ob t r ined .  Photocount s t a t i s t i c s  
measured a t  d i f f e r e n t  sca t t e - ing  ang les  and d i f f e r e n t  
t r a n s l a t i ~ n a l  speeds of t h e  =ound g l a s s  have confirmed 
t h e  known r e s u l t  t h a t  t h e  s c z t t e r e d  l i g h t  amplitude i s  
a  s t o c h a s t i c  Gaussian v a r i a k l ?  i n  t h e  case  t h a t  t h e r e  
a r e  many s c a t t e r e r s  i n  t h e  Zlluminated region.  Fur the r  
r e s u l t s  i n d i c a t e  t h a t ,  a s  t k e  s i z e  of  t h e  inhomogeneities 
Dn t h e  ground g l a s s  b e c ~ m e s  c ~ m p a r a b l e  t o  t h e  s i z e  of 
t h e  i l lwn ina ted  region,  t h e  f i e l d  amplitude p r o b a b i l i t y  
d i s t r i b u t i o n  t ends  toward 135-amplitude normal. 
Se l f -bea t ing  measurements on t h e  s c a t t e r e d  l i g h t  
of a He-Ne l a s e r  i n  a  TEMoo c m f i g u r a t i o n  have shown 
t h a t  t h e  power spectrum i s  a 2aussSan f u n c t i ~ n  of t h e  
- 
frequency. The dependence oi i t s  half-width on t h e  
t r a n s l a t i s n a l  speed of t h e  gr.mnd g l a s s  and on t h e  
f o c a l  l e n g t h  of t h e  l e n s  tha: focuses  t h e  beam on t h e  
s c a t t e r i n g  su r face  has  been zsasured.  The experiment81 
r e s u l t s  agree  very  c l o s e l y  ~ l : h  t h e  t h e o r e t i c a l  pre-  
d i c t i o n s .  
I wish t o  e x p r e s s  my a p p r e c i a t i o n  f o r  t h e  guidance 
g iven  me by my a d v i s o r ,  D r .  Lorenzo M. Narducci,  and 
by D r ,  Lee E. Estes .  The i r  en thus iasm and i n t e r e s t  
i n  t h i s  work provided a  prime mot iva t ing  f a c t o r  f o r  
i ts s u c c e s s f u l  conclusion.  
Tllanlcs a r e  a l s o  due t o  D r .  Edward L. 0 ' N e i l l  f o r  
h e l p f u l  d i s c u s s i o n s ,  and t o  D r .  John D. ~uppenhe imer ,  
whose exper imenta l  e x p e r t i s e  was i n s t r u m e n t a l  i n  t h e  
s u c c e s s f u l  c o n s t r u c t i o n  of t h e  photocount system. 
During t h e  cou r se  of t h i s  work, I w a s  suppor ted  
by a NDEA T i t l e  I V  Fellowship. 
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by 
Richard - .  Tuft  
I. INTRCZ 3 C T I O N  
When a  beam of l i g h t  inginges  on a  s c a t t e r e r  of 
l i n e a r  dimensions 4 ,  a  d i f f r ~  a t i o n  p a t t e r n  o r i g i n a t e s  
wi th  an  angular  a p e r t u r e  W = %/.& . If a c o l l e c t i o n  
of indepdndent s c a t t e r e r s  i s  placed i n  t h e  pa th  of a  
coherent  beam of f i n i t e  d i a m c e r  d ,  t h e  d i f f r a c t i o n  
lobes  w i l l  i n t e r f e r e  with one ano the r  genera t ing  a  f a r  
f i e l d  p a t t e r n  which i s  a  r a n d m  d i s t r i b u t i o n  of b r i g h t  
and dark  a r e a s  of i r r e g u l a r  snapes and s i z e s .  Each 
b r i g h t  a r e a  i s  known t o  subtend an  angle  of t h e  o rde r  
of /d which only  depends c n  t h e  wavelength of the  
inc iden t  l i g h t  and t h e  diamet2r d of t h e  beam. T h i s  i s  
a l s o  known i n  d i f f r a c t i o n  t h e ~ r y  t o  be t h e  p a t t e r n  gener- 
a t e d  by a  c o l l e c t i o n  of ho les  randomly d i s t r i b u t e d  over 
1 
an opaque screen.  If t h e  s c z t t e r e r s  a r e  s e t  i n  m ~ t i ~ n ,  
t h e  d i f f r a c t i o n  p a t t e r n  e x h i k i t s  l o c a l  f l u c t u a t i o n s  of 
i n t e n s i t y .  
Although t h e  d i s t r i b u t i c n  f u n c t i o n  of t h e  s c a t t e r e d  
2 
e l e c t r i c  f i e l d  amplitude i s  expected t o  be Gaussian 
regardl.ess of t h e  d e t a i l s  of she motion of t h e  s c a t t e r i n g  
medium, i f  t h e  phases of t h e  j i f f r a c t e d  lobes  a r e  random 
and i f  a  l a r g e  enough number 3f independent s c a t t e r e r s  
a r e  i l luminated ,  t h e  f i e l d  i - 2 e n s i t y  c o r r e l a t i o n  func t ion  
does depend on t h e  type of ~ c $ i o n  t h e  s c a t t e r e r s  a r e  under- 
going. For example, if a la-ze enough number of s c a t t e r e r s  
a r e  undergoing Brownian motica, it has  been proved t h a t  t h e  
3 
spectrum 1 ( w )  of t h e  s c a t r e r e d  l i g h t  is Lorentzian.  
An i n t e r e s t i n g  s i t u a t i ~ r -  a r i s e s  when a beam of l i g h t  
i s  s c a t t e r e d  by a  p i e c e  of g ~ 3 u n d  g l a s s  which i s  s e t  i n  
motion, f o r  example, wi th  cor .s tant  angu la r  ve loc i ty .  It 
i s  reasonable t o  assume t h a t  Ai f fe ren t  microareas of t h e  
ground g l a s s  s c a t t e r  indepece ln t ly  of one another ,  However, 
t h e  motion of t h e  s c a t t e r e r s  shrough t h e  i l luminated  a rea  
i s  charac te r i zed  by a  v e l o c i r ; ~  d i s t r i b u t i a n  which is  a  
d e l t a  func t ion  centered  a t  t k -2  value  of t h e  v e l o c i t y  of 
4 
t r a n s l a t i o n .  I n  a c e r t a i n  s l n s e  p a r t i c l e s  i n  Brownian 
motion and t h e  microareas  of 3 ground g l a s s  r ep resen t  
extreme cases  i n  which t h e  m c ~ i o n  of t h e  s c a t t e r e r s  is ,  
r e spec t ive ly ,  completely uncc-related and f u l l y  c o r r e l a t e d .  
The s tudy  of t h e  f i e l d  scat te-ed by a  r o t a t i n g  ground g l a s s  
appears t o  have some bearing, therefore ,  on the  much more 
complicated problem of t he  l i g h t  s c a t t e r i n g  from dens i ty  
f l uc tua t ions  i n  a  medium where a  f i n i t e  co r r e l a t i on  e x i s t s  
5 
between d i f f e r e n t  coherence volumes. 
We a r e  p resen t ly  i n t e r e s t ed  i n  studying the  s t a t i s t i c a l ,  
p roper t i es  of a  coherent l i g h t  beam sca t te red  by a  r o t a t i n g  
ground g l a s s  f o r  a v a r i e t y  of surfaces  characterized by 
d i f f e r e n t  average i r r e g u l a r i t i e s .  We discuss  r e s u l t s  f o r  
two ground g lasses  with average i r r e g u l a r i t i e s  on the  order  
of one micron and 20 microns respect ively .  
I n  Chapter I1 we t r e a t  the  problem of the  power 
dens i ty  spectrum of the  s ca t t e r ed  l i g h t .  The ca lcu la t ions  
and the  experimental v e r i f i c a t i o n s  of t he  theory a r e  
presented. 
In  Chapter I11 w e  b r i e f l y  touch upon the  formalism 
of photocount s t a t i s t i c s  and then descr ibe  the  construct ion 
of a photocount-experiment and the  experimental r e s u l t s .  
X I .  THE POWER SPECTRUE OF THE SCATTERED LIGHT 
A. Theore t i ca l  k s z ~ i p t i o n  of t h e  
S p e c t r a l  Brzsdening 
I n  t h i s  s e c t i o n  we der:ve a  t h e o r e t i c a l  express ion  
f o r  t h e  power d e n s i t y  s p e c t ~ ~  of  t h e  s c a t t e r e d  l i g h t .  
We w i l l  cons ider  t h e  problex i n  t h e  s c a l a r  approximation, 
t h u s  ignor ing  d e p o l a r i z a t i o n  phenomena. 
We w i l l  f irst cons ider  t h e  formation of t h e  l a s e r  
spot  on t h e  ground g l a s s .  KFth r e f e r e n c e  t o  Figure 1, 
t h e  l a s e r  beam B is i n c i d e n t  from t h e  l e f t  upon t h e  
l ens ,  which i s  loca ted  i n  the  (u, U) plane.  Since t h e  
0 l a s e r  is  a Spectra  Physics mcdel 119 He - Ne 5328A l a s e r  
opera t ing  i n  a TEMoo mode, t?.e f i e l d  i n t e n s i t y  may be taken 
a s  a  p lane  wave w i t h  a G a u s s 2 n  cross-sec t ion:  
Here G i s  t h e  " rad ius"  of t h e  i n c i d e n t  beam, and in t h i s  
5 
case  i s  known t o  be on t h e  o r d e r  of 0.5 rnm. We now cons ider  
t h e  l e n s  t o  be a b e r r a t i o n  frr2, s o  t h a t  it merely super- 
imposes a  quadra t i c  phase f s c t o r  upon t h e  inc iden t  beam. 
Thus, a t  t h e  e x i t  p u p i l  of t?.e l ens ,  we have an e l e c t r i c  
f i e l d  amplitude of t h e  form 


To o b t a i n  t h e  e l e c t r i c  f i e l d  amplitude i n  t h e  ( x ,  , 9,) 
plane of t h e  ground g lass ,  we propagate t h e  f i e l d  of 
Eq. 11.2. a  d is tance '  Z by means of t h e  F resne l  d i f f r a c t i o n  
7 
formula 
U s i n , ~  t h e  e x p l i c i t  form of E(,u,@) , we o b t a i n  
Lhz E(x , ,  9,) -  - &L E,, J"'dU du e r p  [$$ [ ( ~ , - U ) ~ + ( ~ , - ~ I ~ I ]  (11.4) 
277 
This i n t e g r a l  is of t h e  form: 
In our case: 
and t h e  i n t e g r a l  i s  repeated f o r  v'. Thus 
i A '. Xz 
where - - -  E* e E: - 2 2 . 
- + *  I 
r a 2  .z 
We now look f o r  t h e  form which t h e  s c a t t e r e d  e l e c t r i c  
f i e l d  amplitude assumes a t  t h e  d e t e c t i o n  po in t ,  which is  
a  d i s t a n c e  away'from t h e  (x , ,y , )  coordina te  system. 
(See Figure 2) We look upon t h e  ground g l a s s  a s  a  c o l l e c t i o n  
9 
of independent microareas  of average l i n e a r  dimension A , 
4 
loca ted  a t  d i s t a n c e s  R j  away from t h e  'Z a x i s  of propa- 
g a t i o n  i n  t h e  ( x ,  , 9,) plane.  The microarea about t h e  
* 
p o i n t  R i  w i l l  produce an  e l e c t r i c  f i e l d  a t  t h e  d e t e c t i o n  
p o i n t  which t a k e s  t h e  approximate form 
where qi i s  t h e  phase of  t h e  elementary wave a t  xj(t) ) 
Si is a shape f a c t o r  which accounts  f o r  t h e  d i f f r a c t i o n  
--3r 
produced by t h e  microarea around R j ( f -1  , and W o  is  
t h e  angular  f requency of t h e  i n c i d e n t  f i e l d ,  which has  been 
suppressed i n  c a l c u l a t i o n s  UQ t o  t h i s  p o i n t .  
We now make t h e  expansion 
0. 
where fl i s  a  u n i t  v e c t o r  d i r e c t e d  along . 




Now i f  I R j  r , we can neg lec t  a l l  terms but  t h e  f irst  
two, S O  
a 1 - 1  p -  I ; .  R i  
and 
The t o t a l  f i e l d  seen by t h e  d e t e c t o r  is  t h e  r e s u l t  of  
t h e  coherent  superpos i t ion  of t h e  elementary c o n t r i b u t i o n s  
where d z 6  = d x ,  d y ~  and t h e  i n t e g r a l  extends over  
t h e  i l luminated  area .  
The f i e l d  amplitude c o r r e l a t i o n  f u n c t i o n  a t  t h e  
* "  d e t e c t i o n  p o i n t  i s  given by an average of  E(<*)  E c ~ I * ~ ~ )  
over t h e  ensemble of  phases (Pi , d i f f r a c t i o n  f a c t o r s  S j , 
and l o c a t i o n s  of t h e  microareas  ;.j . Thus w e  have 
a 
We now assume t h a t  c p j  , S j, and R j a r e  a l l  independent 
random v a r i a b l e s ,  s o  t h a t  t h e  average f a c t o r i z e s .  We 
then  make use of t h e  f a c t  t h a t  
t o  o b t a i n  
where we have def ined  t h e  d e n s i t y  c o r r e l a t i o n  func t ion  
Equation 11.15 d i f f e r s  from a  p rev ious ly  publ ished 
10 
r e s u l t  i n  t h a t  t h e  d e n s i t y  c o r r e l a t i o n  func t ion  weights 
t h e  product of two f i e l d  ampli tudes r a t h e r  than  a  f i e l d  
i n t e n s i t y .  
We n3w use t h e  knowledge t h a t  t h e  ground g l a s s  i s  
J A 
i n  uniform motion t o  c o n s t r u c t  a n  e x p l i c i t  value of G(r,,fz ) . 
Since we have 
we may expand t h e  d e l t a  f u n c r i a n s  i n  i n t e g r a l  form t o  
ob ta in  00 
( e x p  [ - i ($,+k) Z;(o ]) . 
If we asswne t h a t  t h e  z i c r o a r e a s  a r e  uniformly 
d i s t r i b u t e d  over  t h e  i l l w n i n s t e d  a r e a  A, w e  can w r i t e  
where w e  have assumed a  squar.? i l l u m i n a t i o n  a r e a  f o r  
11 
convenience i n  c a l c u l a t i o n .  i n  t h e  l i m i t  t h a t  ,!, i s  la rge ,  
Using Bq. 11.20 i n  Eq. 11.17, and l e t t i n g  L~ = A ) 
t h e  i l luminated  area ,  we have 
where N i s  t h e  number of s c a t t e r e r s  i n  t h e  beam. Using 
t h i s  express ion  f o r  t h e  d e n s i t y  c o r r e l a t i o n  funct ion ,  t h e  
f i e l d  c o r r e l a t i o n  funct ion ,  Eq. 11.15, becomes 
where E ( 5 ) is t h e  i n c i d e n t  f i e l d  on t h e  ground g l a s s  
given by Eq. 11.6. The frequency s h i f t  k 8 . 3  appear- 
ing  i n  t h e  exponent of Eq. 11.22 i s  a  B p p l e r  s h i f t  
which i s  zero i f  t h e  d i r e c t i o n  of observat ion  i s  main- 
t a ined  perpendicular  t o  t h e  d i r e c t i o n  of t h e  v e l o c i t y  
of t r a n s l a t i o n .  
The i n t e g r a l  i n  Eq. 11.22 can be w r i t t e n  i n  t h e  
form 
where we have chosen t h e  ( X ,  , y ,) axes such t h a t  $ = (u) O,O) 
Here 
Now t h e  i n t e g r a l  of Eq, 11.23 i s  i n  t h e  form of Eq. 11.5, 
wi th  b = a* Thus w e  have 
With t h i s  r e s u l t  t h e  f i n a l  f o m  of t h e  f i e l d  
amplitude c o r r e l a t i ~ n  funct ion ,  neg lec t ing  t h e  I b p p l e r  
s h i f t ,  can be expressed a s  
< ~ ( r ' ; t )  &+(Ct+%)) = 
The f i e l d  power spectrum I (w )  , according t o  t he  
1 3  
bliener-mintchine theorem, is t h e  t ime Fourier  t ransform 
of Eq. 11.26; 
I ( w )  i s  a Gaussian func t ion  ~f frequency centered around 
t h e  angular  frequency a. ~ f '  t h e  i n c i d e n t  f i e l d .  The h a l f -  
width a t  ha l f -he ight  of 1: ( w )  i s  
There a r e  s e v e r a l  f e a t - r e s  of A l/z worth not ing.  
F i r s t  of a l l ,  a s  one might e - q e c t ,  t h e  power spectrum 
broadening i s  d i r e c t l y  propo-tional t o  t h e  t r a n s l a t i o n a l  
v e l o c i t y  of t h e  microareas  e c r o s s  t h e  i l luminated  region.  
I 
Secondly, f o r  f o c a l  l eng ths  2 g e m ,  t h e  4 7 2  term i s  
n e g l i g i b l e ,  r e s u l t i n g  i n  a  c c x e r  spectrum broadening which 
is i n v e r s e l y  p r o p o r t i o n a l  t o  the f o c a l  l e n g t h  of t h e  
focus ing  o b j e c t i v e  and l inea - ly  r e l a t e d  t o  t h e  dimensions 
of t h e  i n c i d e n t  beam. 
It i s  i n t e r e s t i n g  t o  n- te  t h a t  t h e  power spectrum 
broadening A Q  l / 2  i s  p r e d i c ~ e d  t o  be independent of 
t h e  parameter . Equatlzn 11.28, i n  f a c t ,  i n d i c a t e s  
t h a t  no m a t t e r  how f a r  out  o f  focus  one s e t s  t h e  su r face  
of t h e  ground g l a s s ,  t h e  halr '  width A t 3  1/2 remains cons tant ,  
every o t h e r  parameter being f ixed .  
We have indeed v e r i f i e Z  t h i s  s ta tement  exper i -  
menta l ly  f o r  apprec iab le  varLat ions  of Z from p e r f e c t  
focus. Tlrle reason t h a t  t h i s  r e s u l t  i s  in t e res t ing  is 
t h a t  the  d i f f r ac t ion  pat tern pr~duced  by the  ground 
glass  is very sens i t ive  t o  s:ight displacements of 
the  focusing lens  t o  the extent  t h a t  large d i f f r ac t ion  
spots a r e  v i s i b l e  only i f  ti-.? distance Z between the  
ground g lass  and the  lens  i s  very close t o  the  foca l  
length F . 
B. Relationship of the  7luctuat ing Photocurrent 
t o  the  Fluctuating F l e l d  Amplitude 
I n  t h i s  section we dessrfbe the  technique of 
"self-beating" spectroscopy. I n  particul.ar,  following 
1 2  
closely  the  treatment of G. 3. Benedek , we derive the  
re la t ionship  between the  P D P ~ ~ P  densi ty  spectrum of the  
f luc tua t ing  photocurrent, rnessured by t h i s  technique, 
and the  power densi ty  s p e c t r a  of t h e  f i e l d  amplitude. 
A schematic representat ion of' t he  "self-beating" spectro- 
 mete^ i s  shown i n  Figure 3. The f luc tua t ing  f i e l d  E (t) 
produces a f luc tua t ing  phote-xrrent i ( f) 


which is  propor t ional  t o  the  inc iden t  f i e l d  i n t e n s i t y  
a t  the  photodetector.  Here 
G = gain  of the  photomult ipl ier  
e = charge on the  e lec t ron  
= quantum ef f ic iency  of photomult ipl ier  
mul t ip l ied  by area of de t ec to r  
Thus /3 1 is t h e  average number of photoelectrons 
emitted from the  photocathode pe r  second. Here we a r e  
assuming t h a t  the  photomult ipl ier  i s  i l luminated over 
one coherence area. If such were not  t he  case, we would 
have t o  express the  i n t e n s i t y  a s  
where d 4.j denotes the  coherence a r eas  
E j  denotes the e l e c t r i c  f i e l d  i n  each 
coherence area  
f l  = t o t a l  de t ec to r  area .  
Considering only  a  s i n g l e  coherence a r e a ,  we may use 
Eq. 11.29 a s  it s tands .  
According t o  t h e  Wiener-Khintchine theorem, 
t h e  power spectrum of t h e  photocurrent  i s  given by 
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It can be shown t h a t  t h e  photocurrent  c o r r e l a t i o n  
f u n c t i o n  may be expressed i n  terms of t h e  i n t e n s i t y  
c o r r e l a t i o n  f u n c t i o n  a s  
where 2.0 i s  t h e  t ime average photocurrent .  The f i rs t  
term on t h e  r i g h t  is a consequence of t h e  f i e l d  i n t e n s i t y  
f l u c t u a t i o n s  while  t h e  second i s  a  consequence of  t h e  
sharp  pu l se  na tu re  of t h e  photocurrent  and i s  an approxi- 
mation t o  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  f o r  a  photocurrent  
pulse. The r e p r e s e n t a t i ~ n  of t h i s  c o r r e l a t i o n  func t ion  
a s  a  d e l t a  f u n c t i ~ n  i s  a  good one i n  t h i s  case s i n c e  t h e  
p u l s e s  a r e  on t h e  o rde r  of sec.  long, while t h e  
f l u c t u a t i o n s  of t h e  f i e l d  have r e l a x a t i o n  t imes on t h e  
o r d e r  of seconds. 
Using t h e  express ion  f c ?  t h e  i n t e n s i t y  of t h e  f i e l d  
i n  terms of t h e  amplitude, we have 
Now, if E (t) is a Czussian random process  with 
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zero  mean, it can be shown ;hat 
Now denote t h e  c o r r e l a t i o n  f ? a c t i o n s  by: 
r ( t )  = ( i c e )  i (t+*)> 
Then us ing  Eq. 11.34, Eq. 11.33 becomes 
But 
2 
and thus  ( ~ e f l  <x(*:>)~= * o  7 s o  
By Eq. 11.31, t h e  pho tocur re r t  pDwer spectrwn i s  t h e  
Four ie r  t ransform of  Eq. 11 .~5 ,  us ing  Eq. 11.26 
f o r  g"(2) : 
We note t h a t  t h e  spectr-m comprises t h r e e  
d i s t i n c t  components: a brozc whi te  spectrum due 
t o  t h e  s h o t  noise  of t h e  pho:mul t ip l ie r ,  a very  
h igh  component due average i n t e n s i t y  
t h e  Inc iden t  l i g h t  and a Gaussian spectrum centered 
a t  W = 0 whose h a l f  width '3 t imes  as l a r g e  
t h e  h a l f  width of t h e  power d e n s i t y  spectrum 
a s  given by Eq. 11.27. Fur t -armore ,  the spectrum of 
Eq. 11.37 i s  centered  a t  cd = o , whereas t h e  spectrwn 
of Eq. I I . 2 7  i s  centered  a t  :he o p t i c a l  frequency of 
t h e  l a s e r ,  a r eg ion  where t h e  i n a b i l i t y  of  convent ional  
o p t i c a l  methods t o  measure the  small amount of broadenine 
becomes immediately apparent. Thus "self-beat ing" spectro-  
scopy provides an e a s i l y  analyzed audio photocurrent while 
broadening the  width of the  spectrum by a f a c t o r  , 
i t s e l f  an a id  t o  b e t t e r  reso lu t ion .  
C. The Experimental Photocurrent Power Spectra 
The measurement of the  s p e c t r a l  broadening of 
the  f l uc tua t ing  f i e l d  by means of the  "self-beat ing" 
technique was accomplished i n  t he  following way: 
The output of t he  photomult ipl ier  was amplified 
and chopped e l e c t r o n i c a l l y  a t  5000 Hz t o  d isplace  the  
spectrum of t he  photocurrent from the  frequency or ig in ,  
permit t ing a frequency scan t o  both s ides  of the  centpal  
frequency. This chopped output  was then fed t o  the  
input  of a  General Radio Type 1910-A Recording Wave 
Analyzer. The output was recorded on a s t r i p  char t  
l f n e a r  i n  both the  frequency (x) a x i s  and the  amplitude 
( o r  y ) axis .  
Since t h e  de tec tor  of t he  wave analyzer  is  a 
f u l l  wave bridge, a  l i n e a r  device, t he  output y i e ld s  
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the  square roo t  of the  photocurrent power spectrum , 
The square roo t  of a  Gaussian i s  s t i l l  a Gaussian, 
but w i t h  a  half-width times the  o r i g i n a l  ha l f -  
width. I n  addi t ion,  the re  i s  a f a c t o r  of increase 
i n  the  measured half-width of t h e  photocurrent spectrum 
over t h a t  of the  f i e l d  power spectrum due s o l e l y  t o  t he  
use of t h e  "self-beat ing" technique, a s  was shown i n  
the  previous sect ion.  Thus we expect measurements of 
the  half-width of t he  frequency broadening, which a r e  
scaled off  t he  wave analyzer  output,  t o  be a f a c t o r  of 
two times the  f i e l d  half-width predicted by Eq. 11.28. 
To v e r i f y  the  Gaussian nature of t he  photocurrent 
spectrum, the  shot  noise was subtracted from one of our 
frequency spect ra  and the  r e s u l t a n t  spectrum was compared 
a t  s e v e ~ a l  po in t s  with a Gaussian of the  same half-width. 
The r e s u l t s  a r e  presented i n  Figure 4. Within the  l i m i t s  
timposed by the  noise, the  frequency spectrum i s  Gaussian 
a s  expected. 
I f  we ignore t he  f a c t o r  I / L / r Z i n  Eq. 11.28, we 
f ind t ha t  the  measured half-width of t he  photocurrent 
power spectrum i s  given by 


To v e r i f y  t h e  dependence of t h e  broadening on 
t h e  parameters  r a n d  e ,  a number of s p e c t r a  were run  
a t  d i f f e r e n t  f o c a l  l e n g t h s  and v e l o c i t i e s .  I n  running 
t h e  spec t ra ,  t h e  wave analyzer  bandwidth was s e t  t o  
3 Hz w i t h  t h e  meter response s e t  t o  SLOW. The 
spectrum was scanned a t  t h e  r a t e  of 25 Hz /rnin. For 
t h e  broadenings obtained i n  t h i s  experiment, t h e  running 
of a complete spectrum could t a k e  anywhere from 20 minutes 
t o  about an hour. 
For  each given s e t  of experimental  parameters, 
between 3 and 5 s p e c t r a  were run. The half-widths of  
t h e s e  s p e c t r a  were then  determined by t h e  independent 
v i s u a l  e s t ima t ion  of s e v e r a l  observers  and t h e  average 
and s tandard  d e v i a t i o n  of' t h e  observat ions  ca lcu la ted .  
The da ta  obtained i n  t h i s  manner i s  presented 
g r a p h i c a l l y  i n  F igures  5 and 6. Figure 5 i s  a p l o t  of 
A L' 1/2 v s  I /F  and shows t h e  expected l i n e a r  r e l a t i o n -  
s h i p  i n  t h e  r eg ion  where t h e  / y d  term can be neglected.  
Figure 6 shows t h e  p red ic ted  l i n e a r  v a r i a t i o n  of A I/z 
with  U f o r  t h r e e  d i f f e r e n t  f o c a l  l e n g t h  l enses .  I n  
t h i s  i n s t a n c e  we know t h a t  t h e  o r i g i n  is a phys ica l  po in t ,  
s i n c e  t h e r e  i s  no broadening f o r  zero  v e l o c i t y  of t h e  





The values of U and F i n  these  r e s u l t s  being 
wel l  known, we can use the  d s t a  t o  i n f e r  a  value of a' 
f o r  the  collimated l a s e r  be=. The computed value 
of .48 mrn is  i n  good agreernert with t he  quoted value 
of .5 mm given by the  manuf~z ture r .  
The independence of G )/112 with s c a t t e r i n g  
angle was ve r i f i ed  experLxentally up t o  Y /  = 23O. 
The decrease i n  sca t te red  si=>al a t  these  angles made 
0 
measwements a t  s c a t t e r i n g  z Z ~ l e s  >23 impract ical .  
The independence of A ' L / ~ / z  with respec t  t o  Z 
was ve r i f i ed  f o r  va r i a t i ons  from per fec t  focus up t o  
10 per  cent  of the  f o c a l  l e ~ g t h  of a  24 c m  foca l  length 
lens.  For t h i s  var ia t ion ,  t k e  s i z e  of t h e  f o c a l  spot  
on the  ground g l a s s  varied iz diameter by a  f a c t o r  of' 
roughly 2.5, so  t h a t  the  f a r  f i e l d  d i f f r a c t f o n  pa t t e rn  
showed l a rge  va r i a t i ons  i n  tl--2 s i z e  of t he  d i f f r a c t i o n  
lobes. Beyond the  LO per  c e z t  var ia t ion ,  some change 
I n  A IJ 1/2 became apparent, We be l ieve  t h a t  t h i s  i s  
due t o  t h e  appearance of er rc-s  i n  approximations made i n  the 
der iva t ion  of the  Fresnel  d i z f r a c t i o n  formula, Eq. 11.3. 
111. PHOTOCOL. -2' STATISTICS 
A. Theoret ic? 1 Formalism 
The s u b j e c t  of photoelecsron counting d i s t r i b u t i o n s  
1 7  
has been we l l  explored i n  m z r ~  p laces .  A s  a  convenience 
t o  t h e  reader ,  the re fo re ,  it - d i l l  s u f f i c e  t o  provide a  
very b r i e f  synopsis  of t h e  s ~ ~ i c l a s s i c a l  formalism of 
18 
Mandel. 
S t a r t i n g  from a f i rs t  ~ - 3 e r  p e r t u r b a t i o n  theory  
t rea tment  of t h e  i n t e r a c t i o n  jetween t h e  l i g h t  f i e l d  
and t h e  d e t e c t o r ,  t h e  probakLl i ty  P ( ~ , T )  of  counting 
n photoe lec t rons  i n  an in ter - -a1  T which i s  very  s h o r t  
compared with t h e  coherence l ime I /  A )J , and f o r  
one mode of t h e  o p t i c a l  f i e l S ,  i s  given by 
where: I = c l a s s i c a l  lig-3 i n t e n s i t y  a t  d e t e c t o r  
~ ( 1 )  = p r o b a b i l i t y  distribution f o r  I 
0( = &?T = produ-t of quantum e f f i c i e n c y  t imes 
d e t e c t o r  a re2  t imes count ing i n t e r v a l .  
I n  t h e  event  t h a t  count ing i s  done f o r  pe r iods  T 




A number of i n t e r e s t i n g  p r o p e r t i e s  of t h i s  
d i s t r i b u t i o n  a r e  t abu la ted  2n Appendix A of 
1 9  
Dr.  William C l a r k ' s  t h e s i s .  
B. ??he F i e l d  Amplitude P r o b a b i l i t y  
D i s t r i b u t i o n  and i t s  Counting S t a t i s t i c s  
Since we a r e  fo l lowing t h e  s e m i c l a s s i c a l  theory  of 
p h o t o e l e c t r ~ n  counting s t a t i s t i c s  due t o  Mandel, w e  
p resen t  i n  t h i s  s e c t i o n  a  c l a s s i c a l  d e r i v a t i o n  of t h e  
p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t h e  amplitude of t h e  f i e l d  
s c a t t e r e d  from a s t a t i o n a r y  ground g l a s s .  The argument 
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i s  e s s e n t i a l l y  t h a t  of Lord Rayleigh, who t r e a t s  t h e  
problem of a  random superpos i t ion  of a c o u s t i c a l  v i b r a t o r s .  
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I n  t h e  con tex t  of the  quantum mechanical theory,  Glauber 
p r e s e n t s  a  more e l egan t  d e r i v a t i o n  which l e a d s  t o  a  
Gaussian P (  oC ) .  
We begin by assuming a  ve ry  simple model f o r  t h e  
s c a t t e r i n g  of t h e  cons tan t  i n t e n s i t y  i n c i d e n t  beam and 
t h e  d e t e c t i o n  of t h e  s c a t t e r e d  f i e l d .  I n  Figure 7 t h e r e  
a re ,  wi th in  t h e  i l luminated  a r e a  on t h e  ground g l a s s  A, 
a  number m of equa l  s t r e n g t h  s c a t t e r i n g  c e n t e r s  s , 
whose phases and p o s i t i o n s  a r e  uncorre la ted .  A t  t h e  
d e t e c t i o n  p ~ i n t  P , some d i s t a n c e  away, t h e  de tec ted  
f i e l d  is then  t h e  superposi tSon of a  number of equal  
amplitude f i e l d s  whose phases a r e  random. Lack of any 
a p r i o r 1  information l e a d s  us t o  t ake  t h e  phases of t h e  
- 
f i e l d s  a t  t h e  d e t e c t i o n  p o i n t  a s  being uniformly d i s -  
t r i b u t e d  over  (0, 2 TT ) .  For s i m p l i c i t y  we t ake  t h e  
ampli tudes of t h e  f i e l d s  a t  t h e  d e t e c t o r  t o  be equal  t o  one. 
Consider an  ensemble consisting of M of t h e s e  
m s c a t t e r e r  systems, A t  t h e  d e t e c t i o n  po in t ,  each system 
i n  t h e  ensemble has  a  r e s u l t a n t  amplitude r and a  
phase +@ . Now w e  cons ider  a n  ( x , ~ )  plane,  Figure 8. 
Any p o i n t  i n  t h i s  p lane  r e p r e s e n t s  a  p o s s i b l e  





d e n s i t y  f u n c t i ~ n  f (m, x, y )  f o r  t h e  d i s t r i b u t i o n  of 
these  p o i n t s  i n  t h e  plane.  From our  assm.pt ion t h a t  
t h e  phases of t h e  c o n t r i b u t i o n s  a t  t h e  d e t e c t i o n  p o i n t  
a r e  uniformly d i s t r i b u t e d ,  we know t h a t  t h e  d i s t r i b u t i o n  
w i l l  be independent of * . 
We assume t h a t  Mf'(m, x, y)  systems i n  t h e  ensemble 
a r e  found t o  have t h e i r  r e s u l t a n t  amplitude and phase 
wi th in  dxdy. We a s k  how t h e  a d d i t i o n  of one random 
phase u n i t  s c a t t e r e r  t o  each system i n  t h e  ensemble 
changes t h e  d i s t r i b u t i o n  funct ion .  
To end up a t  (x, y) ,  t h e  system must have s t a r t e d  
t I 
a t  x = x  - cos  (P , y = y - s i n l p  . , where 40 is 
t h e  phase of t h e  a d d i t i o n a l  u n i t  amplitude a t  t h e  
d e t e c t i o n  poin t .  Now $9 i s  uniformly d i s t r i b u t e d  wi th  
a  d e n s i t y  1/2 f l  . The number of ensemble members t o  
be found wi th in  dxdy is, t h e r e f o r e ,  
But t h i s  i s  a l s o  equal  t o  ~ ( m  -I- 1, x, y)dxdy. We have, 
the re fo re ,  t h e  r e l a t i o n s h i p  
t 1 Expanding f (m, x , y ) i n  a Taylor S e r i e s ,  w e  have 
Using Eq. 111.5 i n  Eq. 111.4, w e  a r r i v e  a t  the  r e s u l t  
6 For M very l a rge ,  w e  l e t  1 = m and o b t a i n  t h e  
approximate d i f f e r e n t i a l  equat ion  
Equation III.7 i s  i n  t h e  form of  a  two dimensional 
d i f f u s i o n  equat ion.  We can determine t h e  i n i t i a l  
cond i t ion  by not ing  khat f o r  no s c a t t e r e r s  we 
r e q u i r e  (looking on ly  a t  t h e  s c a t t e r e d  f i e l d )  
The s o l u t i o n  of Eq. 111.7 i s  e a s i l y  accomplished 
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using a  p a r t i a l  Four ie r  Transform technique. We 
l e t  
and assume t h e  v a l i d i t y  of d i f f e r e n t i a t i o n  with r e s p e c t  
t o  m under t h e  i n t e g r a l  s ign;  
I n t e g r a t i o n  by p a r t s ,  furthermore,  g ives  u s  t h e  r e l a t i o n  
with  a  s i m i l a r  r e s u l t  f o r  ~ F / J  t j 2  . Then ~ ( m ,  kl, 
s a t i s f i e s  t h e  o rd ina ry  d i f f e r e n t i a l  equat ion,  
By t h e  i n i t i a l  condi t ion ,  
Thus 
The i nve r se  t ransform of Eq. 111.15 i s  e a s i l y  perfmrned 
t o  yield 
a Gaussian d i s t r i b u t i o n  with zero  mean. 
The p r o b a b i l i t y  t h a t  t h e  f i e l d  amplitude f a l l s  between 
r and r + d r  i s  given by 
2 
-&im P(r)Jr  = - e rdr  . 
For t h e  p r o b a b i l i t y  i n  i n t e ~ z i t y ,  one uses  
2 
wi th  I = r , t o  o b t a i n  
The average i n t e n s i t y  a t  t h e  d e t e c t i o n  p o i n t  i s  
To pu t  t h i s  i n  con tac t  w i t h  t h e  r e a l i t i e s  of t h e  
experiment, we use t h e  ergodic  theorem t o  a s s e r t  t h a t  
t h e  p r o b a b i l i t y  d e n s i t y  der ived  on t h e  b a s i s  of an 
ensemble average holds t r u e  f o r  one system evolving 
i n  time i n  a  s t a t i o n a r y  manner. The t ime evo lu t ion  
i s  obtained by merely r o t a t i n g  t h e  ground g lass .  It 
i s  easy t o  v i s u a l i z e  t h a t  i f  one samples t h e  f i e l d  a t  
t h e  d e t e c t i o n  p o i n t  a t  i n s t a n t s  of t ime separated by 
a  per iod  of t ime long enough t o  i n s u r e  a  new random 
p a t t e r n  of s c a t t e r e r s  i n  t h e  i l lumina ted  region, t h e  
r e s u l t i n g  p r o b a b i l i t y  d i s t r i b u t i o n  w i l l  be given by 
Eq. 111.20. 
We may t h u s  use Eq. 131.20 a s  t h e  P(I) i n  Mandel1s 
formula ( ~ q .  111.1) under t h e  proviso  t h a t  we sample 
f o r  a  per iod  of  time much l e s s  than  t h a t  dur ing  which 
an  apprec iab le  change i n  t h e  s c a t t e r i n g  s i t u a t i o n  t a k e s  
place;  i n  o t h e r  words s h o r t e r  than  t h e  r e l a x a t i o n  time 
of t h e  s c a t t e r e r .  S imi lar ly ,  we a r e  requi red  t o  sample 
a t  i n t e r v a l s  separa ted  by more than  t h e  r e l a x a t i o n  t ime. 
S u b s t i t u t i o n  of t h i s  P(I) i n  P4andelts formula g ives  
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This  i n t e g r a l  i s  e a s i l y  eval-zi ted t o  g ive  
which i s  a Bose-Einstein d i s y r i b u t i o n  wi th  (n) = ,& T (I) . 
For t h i s  d i s t r i b u t i o n ,  t h e  rrduced f a c t o r i a l  moments 
H2 and H3 , def ined  a s  
a r e  e a s i l y  shown t o  t ake  t h e  va lues  H2 = 1.000 and 
The Experiment 
To confirm t h e  v a l i d i t y  ~f t h e  assurnptfon of 
zero  mean Gaussian f i e l d  s t e ~ i s t i c s ,  a  photocount 
experiment was cons t ruc ted .  A block diagram of t h e  
experiment and t h e  photocoun: appara tus  appears  i n  
Figure 9. A more d e t a i l e d  d e s c r i p t i o n  of t h e  system, 
a s  we l l  a s  opera t ing  ' i n s t r u c r i o n s  and schematics,  i s  
given i n  Appendix A. 
I n  Figure 9, l i g h t   fro^ ?he col l imated  l a s e r  L 
i s  focused by l e n s  f onto :he ground g l a s s  GG . 
The l e n s  i s  ad jus ted  f o r  p e r f o c t  focus  by observing 
t h e  s i z e  of t h e  d i f f r a c t i o n  z3o t s  i n  t h e  f a r  f i e l d  and 
maximizing t h e  s i z e  of t h e s e  spots .  This i n s u r e s  t h a t  
we have t h e  l a r g e s t  p a s s i b l e  zoherence a r e a s  commensurate 
wi th  t h e  f o c a l  l e n g t h  l e n s  k i n g  used. The g l a s s  i t s e l f  
i s  i n  t h e  form of a  d i s k  9 i-zhes i n  diameter.  It is  
centered on an a x l e  which csz be b e l t  d r iven  by a  
synchronous c lock  motw ( 1  rrn). Assorted p u l l e y s  a r e  
a v a i l a b l e  t o  provide a  range 3f r o t a r y  speeds f o r  t h e  
g lass .  The l a s e r  beam i s  forxsed t o  a  s p o t  approximately 
9.5 cm from t h e  a x i s  of r o t a ~ i o n ,  L i b e r a l  use was made 
of b lack  ve lve t  and cardboar? b a f f l e s  t o  l L m i t  t h e  poss i -  
b i l i t y  t h a t  s t r a y  l i g h t  coulC f a l l  on t h e  d e t e c t o r .  
The d i f f r a c t i o n  p a t t e r n  from t h e  ground g l a s s  i s  
sampled a t  a  po in t  i n  t h e  fe-  f i e l d  by a  pho tomul t ip l i e r  P. 
Two pho tomul t ip l i e r s  were used i n  t h e  course of t h e  


experiment, an RCA 1P28 and a  P h i l l i p s  XP1021. The i n i t i a l  
experiments were done wi th  t h e  1P28, which has a  lower 
dark noise .  Unfortunately,  a s  t h e  experiment progressed, 
t h i s  PMT appeared ts give  i n c r e a s i n g  numbers of noise  
counts  which were c o r r e l a t e d  w i t h  t h e  s i g n a l .  This 
type  of c o r r e l a t e d  noise  cannot be separa ted  from t h e  
da ta  by t h e  technique of deconvolving t h e  noise  and 
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s i g n a l  d i s t r i b u t i o n .  For t h i s  reason, t h e  XP1021 
was used f o r  l a t e r  measurements and showed no tendency 
t o  c o r r e l a t e d  counts .  Both pho tomul t ip l i e r s  were equipped 
wi th  G328~' bandpass f i l t e r s  and approximately 1 mrn aper-  
t u r e s  t o  i n s u r e  t h a t  f i e l d  sampling was done w e l l  wi th in  
a coherence a rea .  
The output  of t h e  photomul t ip l ie r ,  i n  t h e  form sf 
narrow c u r r e n t  pu l ses ,  i s  ampl i f ied  by A and counted i n  
a 200 mHz s c a l e r  S . The time dur ing  which S can 
count p u l s e s  i s  c o n t r o l l e d  by t h e  d u r a t i o n  of t h e  output  
pu l se  of genera tor  G1.  The t r a i l i n g  edge af t h i s  p u l s e  
t r i g g e r s  genera tor  G2 which i n i t i a t e s  read i n  of t h e  
number of counts  i n  S i n t o  t h e  computer C through t h e  
i n t e r f a c e  I . Afte r  read in ,  t h e  i n t e r f a c e  sends a  
t r i g g e r  pu l se  t o  Gl which s t a r t s  t h e  count ing sequence 
again.  The dead t ime of t h e  system (time fol lowing a  
pu l se  which i s  counted dur ing  which an a d d i t i o n a l  pu l se  
w i l l  not  be counted) i s  e s s e n t i a l l y  determined by t h e  
frequency response of t h e  s c a l e r ,  and i s  on t h e  o r d e r  
of 5 nanoseconds. 
The computer i s  programmed t o  f u n c t i o n  a s  a 512 
channel s to rage  device.  The channels  c o r r e s p ~ n d  t~ 
0, 1, 2, ..., 5x1 p o s s i b l e  counts  p e r  count ing i n t e r v a l  T . 
When t h e  computer r e c e i v e s  a given count number from S 
which is l e s s  than  511, it increments t h e  number i n  t h e  
computer memory a t  a l o c a t i o n  corresponding t o  t h e  given 
count. It t h u s  r ecords  t h e  number of times a given 
6 
count occurs  up t o  a maximum of  8.4 x 10 occurrences 
p e r  count.  
When a count channel overflows, o r  t h e  opera to r  
s o  d e s i r e s ,  t h e  computer w i l l  c a l c u l a t e  and p r i n t  o u t  
a l l  t h e  count p r o b a b i l i t i e s  a s  w e l l  a s  t h e  mean and 
mean squared number of counts.  It a l s o  p r i n t s  out  t h e  
reduced f a c t o r i a l  moments H;2 and H a s  w e l l  a s  t h e  t o t a l  3 
number of sample i n t e r v a l s  occurr ing  i n  t h e  course 
of t h e  experiment; 
Subsequent t o  t h e  te rminat ion  of t h e  counting 
experiment, t h e  a c t u a l  photocount d i s t r i b u t i o n  can be 
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determined by a p rev ious ly  descr ibed  technique. This  
technique e s s e n t i a l l y  deconvclves t h e  exper imenta l ly  
determined p r o b a b i l i t y  d i s t ~ l b u t i o n  and t h e  known 
counting d i s t r i b u t i o n  of t h e  pho tomul t ip l i e r  noise .  
I n  a c t u a l  p r a c t i c e ,  t h i s  p r o ~ e d u r e  was found t o  be 
unnecessary i n  most cases ,  sLnce t h e  512 channel 
c a p a b i l i t y  of t h e  count ing srstem allowed opera t ion ,  
i n  most ca.ses, a t  an  average number of s i g n a l  counts  
p e r  count ing i n t e r v a l  t h a t  s-_l-assed t h e  noise  count 
many o r d e r s  of magnitude v i t h o u t  running i n t o  
apprec iab le  dead time e f f e c t s .  I n  genera l ,  we used 
24 
t h e  r u l e  of thumb given by A ~ 2 c c h i  t h a t  dead time 
e f f e c t s  begin t o  become apprec iab le  when 
Here sax = h ighes t  count number recorded 
T = l e n g ~ h  of count ing i n t e r v a l  
-9  ?! = dead time % 5 x 1 0  sec.  
Thus, f o r  a  50 F s e c  c o u n t i ~ g  i n t e r v a l ,  we r e q u i r e  
%ax 4 100 counts.  
Some idea  of t h e  necessLty fop  t h e  p r ~ c e s s i n g  
of t h e  experimental  d a t a  may be obtained by c a l c u l a t i n g  
t h e  e f f e c t s  on t h e  moments c? t h e  d i s t r i b u t i o n  due t o  
- t h e  presence of  t h e  noise.  ~ 3 r  t h i s  purpose we r e l y  on 
some p r o p e r t i e s  of t h e  cwnul tn ts  of independent p r o b a b i l i t y  
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d i s t r i b u t i o n s .  
We begin wi th  t h e  c h a r e - t e r i s t i c  func t ion  of a random 
v a r i a b l e  ( i n  t h i s  case  taken t o  be d i s c r e t e )  
Ye now d e f i n e  t h e  cumulants Xn a s  
00 (it)' Apco =C x n  -I 
f l = O  f .  
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Now f o r  t w ~  independent d i s t - ibu t ions ,  
hence 
Thus 
The first 3 cumulants a r e ,  f o r  xn = n 
#, = 0) 
I n  terms of t h e  parameters which appear  i n  t h e  p r i n t o u t  
of t h e  computer, 
Using Eqs 111.29 i n  conjunct ion  with 111.27, we can 
es t ima te  t h e  e f f e c t  of t h e  (known) no i se  on t h e  a c t u a l  
d i s t r i b u t i o n .  Thus, i f  we use s u p e r s c r i p t s  E,Ny S t o  
denote r e s p e c t i v e l y  experimental ,  noise ,  and s i g n a l  
parameters,  and assume t h e  s i g n a l  and no i se  counts  a r e  
uncorre la ted ,  we may w r i t e  
From Eqs. 111.30, it can be szen t h a t  i f  t h e  noise count 
mean number i s  small  w i t h  r ? r p e c t  t o  t h e  experimental  
count mean number, t h e  exper2nental  parameters w i l l  
c l o s e l y  approximate t h e  t r u e  s i g n a l  parameters.  
A s  an example, f o r  an acyual  experimental  case w i t h  
t h e  s i g n a l  parameters,  using 3qs. 111.30, a r e  found t o  be 
An a c t u a l  sepa ra t ion  of t h e  r i g n a l  from t h e  experimental  
da ta  showed t h a t  t h e  p robabLl i t i e s  d i f f e r e d  only i n  
t h e  f o u r t h  decimal p lace .  Ix such a case,  therei 'ore, 
t h e  separa t ion  i s  not  necesszry.  For smal ler  mean 
numbers, of course,  such i s  no t  t h e  case.  I n  t r e a t i n 3  
t h e  da ta  presented here in ,  most da ta  was obtained wi th  
s u f f i c i e n t  s i g n a l  to.  obvia te  t h e  need f o r  unravel ing 
t h e  noise .  For t h e  da ta  which needed unravel ing,  a 
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program s i m i l a r  t o  D r .  John Kuppenheimerls PHOTON 2 
was w r i t t e n  i n  assembler language f o r  t h e  PDP-8/~ and 
used t o  determine t h e  a c t u a l  s i g n a l  count p r o b a b i l i t i e s ,  
D. Experimental Resul ts ;  1 micron Ground Glass 
According t o  t h e  theory  presented  i n  s e c t i o n  
111. B, t h e  f i e l d  amplitude p r ~ b a b i l i t y  d i s t r i b u t i o n  i s  
a Gaussian f u n c t i o n  f o r  every  value of t h e  t r a n s l a t i o n a l  
speed and f o r  a l l  s c a t t e r i n g  ang les  and f ~ c a l  eng ths .  
Thus we expect a Bose-Einstein d i s t r i b u t i o n  of photo- 
counts  t o  be found independent of v a r i a t i o n s  i n  v, f ,  
and /lye 
Prepara tory  t o  experimental  v e r i f  i c a t i o n  of t h i s  
independence, some assurance was needed t h a t  t h e  i n c i d e n t  
l a s e r  veam was t r u l y  of cons tan t  i n t e n s i t y .  The l a s e r  
used i n  t h e  experiment, a Spectra-Physics Model 119 
He-Ne l a s e r ,  has  been used a t  WPI i n  photon c ~ u n t i n g  
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experiments over a per iod of s e v e r a l  years .  The 
s t a b i l i t y  of i t s  output  i n t e n s i t y  has  thus  been w e l l  
documented. A s  f u r t h e r  evidence we p r e s e n t  t h e  da ta  
from one s t a b i l i t y  ryn on t h i s  l a s e r  which was made 
p repara to ry  t o  a s c a t t e r i n g  experiment. 
For a  cons tan t  i n t e n s i t y  l a s e r ,  P(1) = 6 (I) .  
Upon s u b s t i t u t i o n  of t h i s  ~ ( 1 )  i n t o  IYandelts formula, 
Eq. 111. I, one f i n d s  a  Poisson d i s t r i b u t i o n  f o r  t h e  
p red ic ted  ~ ( n ,  T); 
where < n >  = PI T. 
The Poisson d i s t r i b u t i o n  has  t h e  p roper ty  t h a t  
I n  Table I, we p resen t  an experimental  d i s t r i b u t i o n  
obtafned by counting on t h e  output  of  t h e  119 l a s e r ,  
t o g e t h e r  wi th  a  t h e o r e t i c a l  Poisson d i s t r i b u t i o n  with 
the  same mean number a s  t h e  experimental  d i s t r i b u t i o n .  
The e r r o r  column i n  Table I i s  computed by us ing  t h e  
knowledge t h a t  t h e  s tandard  d e v i a t i o n  i n  a measurement 
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of a  number of counts  Nn is  given by 
The t r u e  p r o b a b i l i t y  i s  t h e r e f o r e  
Table I. 
Counting Distribution, 119 Laser, 
NBAR +0.347834~+01 
Poisson E r r o r  
where N i s  t h e  t o t a l  number of even t s  and PE(n) i s  t h e  T 
exper imenta l ly  determined p r o b a b i l i t y .  Since Nn 55 ~ ( n )  NN, 
Here ~ ( n )  i s  t h e  c a l c u l a t e d  t h e o r e t i c a l  p r o b a b i l i t y  d i s -  
t r i b u t i o n .  The q u a n t i t y  under t h e  square r o o t  s ign  i s  
l i s t e d  under t h e  ERROR column i n  Table I. 
We see  i n  Table I t h a t ,  d e s p i t e  t h e  f a c t  t h a t  
t h e  f a c t o r i a l  moments a r e  no t  q u i t e  equal  t o  zero, 
t h e  experimental  p r o b a b i l i t i e s  agree  wi th  t h e  theo- 
r e t i c a l  d i s t r i b u t i o n  t o  w i t h i n  t h e  t h i r d  decimal p lace  
u n t i l  t h e  count ing e r r o r s  become apprec iable .  The d i s -  
t r i b u t i o n  is, i n  f a c t ,  one of t h e  poorer  ones i n  regard 
t o  t h e  reduced f a c t o r i a l  moments, most experimental  
va lues  of H2 and H be ing  about an o r d e r  of magnitude 3 
smaller .  The d i s t r i b u t i o n ,  never the less ,  i s  Poisson t o  
a high degree of p r e c i s i o n .  This  is  shown g r a p h i c a l l y  i n  
Figure 10, where t h e  agreement over  5 decades i s  r e a d i l y  
apparent .  The e r r o r  b a r s  on t h i s  Figure de r ive  from t h e  
count ing e r r o r  a s soc ia ted  with f i n i t e  s t a t i s t i c s  a s  
p rev ious ly  discussed.  The e r r o r  b a r s  only  appear on t h e  
l a s t  two da ta  p o i n t s  s i n c e  i n  t h e  o t h e r  c a s e s  they  a r e  
smal ler  than  t h e  s i z e  of t h e  d o t s  used t o  denote t h e  
experimental  po in t s .  
Figure 10 
Caunting d i s t r i b u t i o n  of Llg l a s e r .  
The p o i n t s  r ep resen t  t h e  fxper imenta l  
d a t a  while  t h e  s o l i d  l i n e  i s  a theo-  
r e t i c a l  Poisson d i s t r i b u t L o n  wi th  t h e  
same mean number. 
Counting i n t e r v a l  = 25 p s e c .  
I 
O f f  t ime = 10C p s e c .  
Number of even t s  = 3.1- x 10 6 
119 LASER 
I n  Table 11, we p resen t  an output  of t h e  program 
which s e p a r a t e s  t h e  s i g n a l  czunt  p r o b a b i l i t i e s  from 
t h e  experiment and n ~ i s e  dat:. The e f f e c t  on t h e  
p r o b a b i l i t y  d i s t r i b u t i o n  i n  :h is  case  is n e g l i g i b l e .  
The experimental  photoc-unt da ta ,  f o r  t h e  case  of 
l i g h t  s c a t t e r e d  from a  ro ta tLng ground g l a s s  wi th  
approximately 1 micron i n h 3 r t $ e n e i t l e s Y  i s  presented 
i n  Tables 111, I V  and V. Thz reduced f a c t o r i a l  moments 
H2 and H which a r e  given f c r ,  each case,  may be com- 3' 
pared wi th  t h e  t h e o r e t i c a l  vzlues:  H2 = 1.000 and 
H3 = 5.000 f o r  a  Bose-Einstein d i s t r i b u t i o n .  The 
invar i ance  of t h e  photocount s t a t i s t i c s  wi th  r e s p e c t  
t o  t h e  parameters v, f ar.t ?y ( t h e  l i n e a r  v e l o c i t y  
of t h e  ground g l a s s ,  t h e  f o c s l  l eng th  of t h e  focus ing  
l e n s  and t h e  angle  of s c a t t e r i n g  r e s p e c t i v e l y )  i s  c l e a r l y  
demonstrated. A s  an  a d d i t i o r s l  check, a  t h e o r e t i c a l  Bose- 
E i n s t e i n  d i s t r i b u t i o n  with ccsmt ing  e r r o r s  was generated 
f o r  each value of ( n )  obtz ined experimental ly .  The 
experimental  p r o b a b i l i t i e s ,  z (n) ,  were observed t o  agree  
wi th  t h e  t h e o r e t i c a l  distrik-::ions w i t h i n  t h e  e r r o r s  
t o  be expected from t h e  f i n i z z n e s s  of t h e  s t a t i s t i c s ,  
Graphical comparisons of two 3f t h e  experimental  d i s -  
t r i b u t i o n s  with t h e i r  r e s p e c r i v e  t h e o r e t i c a l  d i s t r i b u t i o n s  
a r e  given i n  Figures  11 and 12.  
Table II, 









Table 111. Independence of s t a t i s t i c s  wi th  speed. 
EXP. $ l i n e a r  
v e l o c i t y  
(cm/sec.. ) 
H2 H 3 # of even t s  
Table IT. Independence of' s t a t i s t i c s  wi th  f ~ c a l  eng th ,  
v = .605 cm/sec. V =  o 
- -- 
H 3 # of events  
Table V. Independence of s t a t i s t i c s  with angle. 
f = 19.39 ern v = .605 cm/sec. 
E ~ P  # v (degrees) <n) H3 # of' events 
Figure 11 
Experimental d i s t r i bu t ion ,  lp ground glass .  
The po in t s  represent  the  experimental 
data while the  s t r a i g h t  l i n e  i s  a  
t h e o r e t i c a l  Bose d i s t r i b u t i a n  with 
the  same mean number 
l i n e a r  ve loc i ty  v = .605 cm.sec. -1 
foca l  l enz th  f = 19.44 cm. 
s c a t t e r i n g  angle Y/  = 0' 
counting l n t e r v a l  = 25 , u s e c .  
O f f  t irne = 100 p see. 
Number of events  = 1.84 x 10 6 

Figure 12 
Experimental d i s t r i b u t i o n ,  lp ground g l a s s .  
v = .605 em. see.  -I 
f = 19.44 em. 
ly = 11.5" 
Counting i n t e r v a l  = 25 sec . 
O f f  time = l o o p s e e .  
Number of events  = 2.78 x 10 6 

The Coarse Gro~:d Glass, Discussion 
The previous discussior .  ??as confined t o  a ground 
g l a s s  wi th  average i r r e g u l a - L t i e s  on t h e  o rde r  of 
1 micron, There were, there"we,  many s c a t t e r e r s  
wi th in  t h e  twenty t o  s i x t y  r..Lzron diameter  i l l w n i n i -  
nated a r e a  on the  ground g lezs .  Thus t h e  c l a s s i c a l  
arguments f o r  Gaussian f i e l d  s t a t i s t i c s  which werye 
advanced i n  Sec t ion  1II.B a r ?  expected t o  be v a l i d .  
An i n t e r e s t i n g  s i t u a t i s r ,  no t  p rev ious ly  i n v e s t i -  
gated,  i s  obtained when t h e  z l z e  of t h e  i r r e g u l a r i t i e s  
on t h e  ground g l a s s  become czxparable  i n  s i z e  t o  t h e  
s i z e  of t h e  i l luminated  r e g i z n .  I n  t h i s  case,  we 
have no concise a  p ~ l o r i  d e ~ 2 1 a t i o n  of t h e  f i e l d  
- 
amplitude p r o b a b i l i t y  d i s t r i ' z u t i o n ,  An analogy wi th  
t h e  case  of electro-magnetic t ransmiss ion  through a  
t u r b u l e n t  atmosphere suggests  t h a t ,  s i n c e  i n  t h i s  
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case  t h e  cond i t ions  of t h e  3:rr;ov approximation 
a r e  met, t h e  d i s t r i b u t i o n  m i g h t  be log-amplitude 
normal. That is, i f  A r e p r e s e n t s  t h e  f i e l d  amplitude, 
then  
The t ransformat ion  of t h i s  p r o b a b i l i t y  d e n s i t y  t o  one 
f o r  i n t e n s i t y  and i t s  s u b s t i t u t i o n  i n t o  t h e  Mandel 
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formula ( ~ q .  111.1) has  been done by Dr. George Riley.  
The r e s u l t  i s  
This i n t e g r a l  i s  u n t r a c t a b l e  a n a l y t i c a l l y ,  and one must 
r e s o r t  t o  approximations o r  t o  numerical  i n t e g r a t i o n  
t o  g e t  a t  P ( ~ , T ) .  Discussion on t h i s  p o i n t  w i l l  be 
de fe r red  f o r  a  time, however, s i n c e  it is poss ib le  
t o  o b t a i n  some r e l a t i o n s h i p s  between t h e  moments of 
t h e  d i s t r i b u t i o n  P ( ~ , T ) .  
For t h e  case  i n  which t h e  photoe lec t ron  counting 
i s  done wi th in  a  coherence time, t h e  f a c t o r i a l  moments 
of t h e  c o u n t i n g  d i s t r i b u t i o n  a r e  simply r e l a t e d  t o  
moments of t h e  i n t e n s i t y  d i s t r i b u t i o n .  S p e c i f i c a l l y ,  
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t h e  f a c t o r i a l  moment % i s  given by: 
I n  p a r t i c u l a r ,  t he  reduced f z z t o r i a l  moments a re :  
and the  mean number i s  g iven  by 
F, = <n> = d <I> . 
Now 
We l e t  
Then Eq. 111.39 becomes 
Using Y - y o " z  > 
e 
" ' O  re mz - z' /s/  <I = e dz z E c  . 
- CY) 
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This  i n t e g r a l  i s  of t h e  form 
So we have 
Thus, from Eq. 111.38 
0 
and from Eq, 111.37 
Ox' 
<I>" 
I n  p a r t i c u l a r ,  
So we have t h e  r e l a t i o n  between H2 and H 3' 
which w r i l l  be u s e f u l  i n  c h a r a c t e r i z i n g  t h e  experimental  
d i s t r i b u t i o n s .  
The i n t e g r a t i o n  of Eq. 111.35, a s  has  a l r eady  been 
noted, has  not  y e t  been accomplished i n  a c losed form. 
Severa l  methods o f . o b t a i n i n g  P ( ~ , T )  have been attempted. 
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These inc lude  t h e  method of s t e e p e s t  descent-  and a 
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numerical i n t e g r a t i o n .  The method of s t e e p e s t  descent  
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s o l u t i o n  appears  t o  v i o l a t e  some of t h e  c r i t e r i a  f o r  
t h e  v a l i d i t y  of t h e  method i n  t h e  range of' t h e  r e l e v a n t  
parameters of t h e  d i s t r i b u t i o n  which occurred wi th in  
our  experiments.  Indeed, f o r  t h e  low mean numbers 
occurr ing  i n  Dr. R i l e y ' s  experimental '  work, t h e  method 
of s t e e p e s t  descent  formula d id  not  provide a normalized 
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d i s t r i b u t i o n .  
The numerical i n t e g r a t i o n ,  while  accura te ,  consumes 
l a r g e  amounts of computer time. Tg circumvent t h i s  
d i f f i c u l t y ,  a computer program was w r i t t e n  which c a l -  
38 
cu la ted  P(o,T) by a Simpsonls r u l e  i n t e g r a t i o n  and 
a l l  h igher  p r o b a b i l f t i e s  by means of a Gauss-Laguerre 
quadrature.  38 In  t h i s  technique, a n  approximation i s  
made t o  an i n t e g r a l  of t h e  form 
Here t h e  aj k a r e  r o o t s  of an n th  o r d e r  Laguerre 
polynomial L ~ ( x )  , and 
The f a  j ; 1 and Hi '53 a r e  t abu la ted  up t o  n = 15 
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i n  s e v e r a l  p laces ,  
The i n t e g r a t i o n  of P(O,T) was done by Simpsongs 
r u l e  because e r r o r s  i n  t h e  computation a t  p o i n t s  nea r  
t h e  o r i g i n  gave r i s e . t o  l a r g e  e r r o r s  i n  a  Gauss-Laguerre 
i n t e g r a t i o n  f o r  t h i s  case.  Because t h e  Gauss-Laguerre 
i n t e g r a t i o n  i s  much f a s t e r  than  a  Simpsonfs r u l e  
i n t e g r a t i o n ,  t h e  program could be w r i t t e n  i n  FOCAL 
f o r  t h e  r e l a t i v e l y  slow PDP-8/~ computer. A program 
l i s t i n g  i s  given i n  Appendix B. The program computes 
2 G from Eq. 111.45 using  t h e  value of H2 f o r  a  given 
experimental  d i s t r i b u t i o n .  Using t h i s  value of C f 2  , 
t h e  q u a n t i t y  o ~ 1 , c a n  be determined from t h e  experimental  
value of <n> us lng  Eq. 111.43. These two parameters a r e  
s u f f i c i e n t  ta determine t h e  log-normal d i s t r i b u t i o n  uniquely.  
A comparispn between t h e  r e s u l t s  of t h e  FOCAL pro- 
gram and those of t h e  numerical i n t e g r a t i o n  (o r  NUMINT) 
program w r i t t e n  by Dr. Ri ley  i s  given i n  Appendix C. 
The agreement i s  q u i t e  good and provides some j u s t i f i c a t i o n  
f o r  t h e  use of t h e  much f a s t e r  Gauss-Laguerre i n t e g r a t i o n  
i n  preference  t o  t h e  slower numerical  i n t e g r a t i ~ n .  Tne 
i n c l u s i o n  of expected e r r o r s  due t o  f i n i t e  counting s t a -  
t i s t i c s  was accomplished i n  t h e  same manner a s  it was 
f o r  t h e  Bose-Einstein d i s t r i b u t i o n .  
F. Experimental Resul t s ,  
20 micron Ground Glass 
To i n v e s t i g a t e  t h e  hypothesis  t h a t  t h e  phota- 
count d i s t r i b u t i o n  of t h e  s c a t t e r e d  l i g h t  might be 
cha rac te r i zed  by a log-amplitude normal d i s t r i b u t i o n  
when t h e  s i z e  of t h e  ground g l a s s  i r r e g u l a r i t i e s  become 
comparable t o  t h e  s i z e  of t h e  i l luminated  region,  a 
coarse  ground g l a s s  was prepared,  
A nine-inch diameter  by one-quarter inch  t h i c k  
p iece  of p l a t e  g l a s s  was hand ground us ing  another  
p iece  of p l a t e  g l a s s  a s  a t o o l .  The g r i t  used was 
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number 220 s i l i c o n  ca rb ide  abras ive .  By c a r e f u l l y  
r ep len i sh ing  t h e  ab ras ive  a t  f r equen t  i n t e r v a l s  dur ing  
t h e  gr inding,  s o  t h a t  t h e  g r i t  s i z e  was n o t  reduced 
apprec iably ,  t h e  f i n a l  l a r g e  s c a l e  i r r e g u l a r i t i e s  on 
t h e  ground g l a s s  were maintained i n  t h e  range of 20 
t o  60 microns. There were a l s o  many smal l  s c a l e  
i r r e g u l a r i t i e s  on t h e  o rde r  of a few microns. 
The f a r  f i e l d  d i f f r a c t i o n  p a t t e r n  of t h i s  ground 
g l a s s  was markedly d i f f e r e n t  from t h e  one exh ib i t ed  by 
t h e  1 micron ground g l a s s  used i n  t h e  previous  experiments. 
It was cha rac te r i zed  by very l a r g e  i l luminated  a r e a s  widely 
separa ted ,  When t h e  g l a s s  was s e t  i n  motion, t h e  p a t t e r n  
exh ib i t ed  occas ional  high i n t e n s i t y  f l a s h e s  t h a t  were 
never p r e s e n t  f o r  t h e  1 micron g l a s s .  
Experimental count ing d i s t r i b u t i o n s  f o r  s e v e r a l  
va lues  of v, f and W a r e  given i n  Figures  13 through 
17 t o g e t h e r  wi th  a  t h e o r e t i c a l  B s e  d i s t r i b u t i o n  
wi th  t h e  same mean number and a  log-amplitude normal 
d i s t r i b u t i o n  wi th  t h e  same mean number and H2. I n  
most c a s e s  t h e  agreement i s  q u i t e  good, e s p e c i a l l y  
s i n c e  no a t tempt  was made t o  fit t h e  shape of t h e  
experimental  d i s t r i b u t i o n .  Only t h e  first two 
moments of t h e  experimental  d i s t r i b u t i o n  were used 
t o  genera te  t h e  t h e o r e t i c a l  d i s t r i b u t i o n .  Since 
t h e  second moment i s  somewhat s e n s i t i v e  t o  counting 
e r r o r s  f ~ r  t h e  h igher  count numbers, we can expect 
some discrepancy i n  t h e  t a i l  of  t h e  d i s t r i b u t i o n .  
The b e s t  f i t  t o  a  log-amplitude normal d i s t r i -  
but ion  appears  t o  occur  a t  s h o r t  f o c a l  l eng ths  (3.8 and 
10.15 cm) and l a r g e  s c a t t e r i n g  ang les .  For small  
s c a t t e r i n g  ang les  and long f o c a l  l eng ths ,  t h e  exper i -  
mental  d i s t r i b u t i o n  f a l l s  o f f  more r a p i d l y  wi th  n  
than  does t h e  t h e o r e t i c a l  log-amplitude normal 
d i s t r i b u t i o n .  This i s  probably due t o  an inc rease  
i n  t h e  c o n t r i b u t i o n  t o  t h e  f l u c t u a t i o n s  of  t h e  
smal l  s c a l e  i r r e g u l a r i t i e s  p rev ious ly  noted. This 
Figure 13 
Experimental d i s t r i b u t i o n ,  2 0 ~  ground g l a s s  
The p o i n t s  r e p r e s e n t  t h e  da ta .  
The s o l i d  curve marked L - N r e p r e s e n t s  a 
computer generated log-normal d i s t r i b u t i o n  
determined from t h e  experimental  va lues  of < N> . 
and H2. - 
The l i n e  marked B - E i s  a Bose-Einstein 
distribution wi th  t h e  experimental  <N> . 
f = 3.8 cm. 
Counting i n t e r v a l  = 25 p s e c .  
O f f  t i m e  = 100 p s e c .  
Number of even t s  = 9.35 x 10 6 

Experimental d i s t r i b u t i o n ,  
13 r g r ~ u n d  g l a s s .  
Data: p o i n t s  
- -- Log-nomal using < N )  and :--: L - N 
Bose-Einstein using (N) : 3 - E 
Counting i n t e r v a l  = 25 /uSE3* 
O f f  t ime = 1 0 0 p s e c .  
Number of even t s  = 9.32 x  1 3  6 

Figure 15 
Experimental d i s t r i b u t i o n ,  
*O /M graund g l a s s  
Data: p o i n t s  
Log-normal us ing  ( N )  and H2: L - N 
Bose-Einstein us ing  (N) : B - E 
v = 1,329 cm. see.  -1 
f = 10.15 cm, 
= o3 
Counting i n t e r v a l  = 25 p s e c .  
O f f  t ime = 1 0 0 , u s e c .  
Number of even t s  = 7.55 x 10  5 

Figure 16 
Experimental d i s t r i b u t i o n ,  I 3 y  ground g l a s s  , 
Data: po in t s .  
Log-normal us ing  < N )  and EL: L - N 
Bose-Einstein using (N) : 5-E 
v = 1.329 ern, sec.  -1 
f = 19.44 ern. 
y =  oo 
Counting i n t e r v a l  = 25 ,usre.  
Off time = 100 p s e c .  
Number of even t s  = 8.26 x I3 6 

Figure 17 
Experimental d i s t r i b u t i o n ,  2 0 ~  ground g l a s s  
Data: p o i n t s  
Log-normal us ing  (N) and 32: L-N 
Bose-Einstein us ing  <N)  : B-E 
-1 
v = 1.329 cm. sec .  
f = 30.54 cm. 
'Y = 16.4' 
Counting i n t e r v a l  = 25 p s e c .  
O f f  t ime = 1 0 0 p s e c .  
Number of even t s  = 14,g x LO 
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suppos i t ion  l ed  t o  t h e  f u r t h e r  con jec tu re  t h a t  t h e  con- 
t r i b u t i o n  of t h e  smal l  s c a l e  g r a n u l a r i t y  might r e s u l t  
i n  a  superpos i t ion  of Bose-Einstein and log-amplitude 
normal d i s t r i b u t i o n s .  
To t e s t  t h i s  hypothesis ,  t h e  da ta  of Figure 17 
was subjec ted  t o  a t e s t  t o  see  if it could p o s s i b l y  be 
such a  superpos i t ion .  For t h i s  purpose, t h e  s e t  of 
Eqs. 111.29 were used t o  o b t a i n  t h r e e  equat ions  i n  
t h e  t h r e e  unknowns < & I B E >  , < f l L N >  , and 
( the  mean number of t h e  Bose-Einstein c o n t r i b u t i o n  and 
t h e  mean number and H2 of t h e  log  normal c o n t r i b u t i o n  
r e s p e c t i v e l y ) .  These equat ions  a re :  
8E B E  
I n  Eqs. III.h'j', we know t h a t  Hz = 1 .000  , H3 s 5 . 0 0 0  
kN l,lJ 3 
and, from Eq. 111.146, H3 = ( I +  H2 ) - I . 
The s e t  of simultaneous equat ions  111.47 were solved 
on t h e  PDP-8/~ computer us ing  an i t e r a t i v e  technique. A 
t r i a l  value of (nSE) was s e l e c t e d  and t h e  first and 
second equat ions  were used t o  compute <pLM> and 
~2~ . The t h i r d  equat ion  was then  checked f o r  con- 
s i s t e n c y  by s u b t r a c t i n g  t h e  r i sh t -hand s i d e  from t h e  
lef t -hand s i d e  and minimizing t h i s  value.  
No r o o t s  t o  t h i s  se t  of equat ions  were found i n  t h e  
region  of  phys ica l  p o s s i b i l i t y ;  t h a t  is, no r o o t s  were 
found f o r  
It can only  be concluded t h a t  the  o r i g i n a l  hypothes is  was 
wrong and t h a t ,  i n  f a c t ,  t h e  d i s t r i b u t i o n  cannot be a 
superpos i t ion  of independent Bose-Einstein and log- 
amplitude normal d i s t r i b u t i o n s .  
IV. CONCLUSION 
The r e s u l t s  presented h e r e i n  complete and extend 
2 , 4 l  
a number of previous  i n v e s t i g a t i o n s  conducted t o  
s tudy t h e  s t a t i s t i c a l  p r o p e r t i e s  of a coherent  beam 
of l i g h t  s c a t t e r e d  by a r o t a t i n g  g r o u ~ d  g lass .  
Measurements on t h e  s c a t t e r i n g  of l i g h t  from 
a ground g l a s s  of one micron average s i z e  inhomo- 
g e n e i t i e s  have v e r i f i e d  t h a t  t h e  s t a t i s t i c a l  d i s -  
t r i b u t i o n  of t h e  photoe lec t rons  e j e c t e d  from t h e  
su r face  of t h e  d e t e c t i n g  device  by t h e  s c a t t e r e d  
beam i s  ~ o s e - E i n s t e i n .  The power s p e c t r a l  broadening 
due t o  t h e  motion of t h e  ground g l a s s  through t h e  
i n c i d e n t  beam has  been p red ic ted  and v e r i f i e d  t o  be 
a Gaussian f u n c t i o n  of t h e  frequency. 
For t h e  case  of  a ground g l a s s  wi th  inhomo- 
g e n e i t i e s  on t h e  o r d e r  of twenty microns, a s i g n i f i c a n t  
depar tu re  from Bose-Einstein photocount s t a t i s t i c s  i s  
observed. This  i n d i c a t e s  t h a t  t h e  f i e l d  amplitude 
p r o b a b i l i t y  d i s t r i b u t i o n  can no longer  be Gaussian. 
I n  t h e  case t h a t  t h e  i l luminated a rea  on t h e  ground 
g l a s s  i s  on t h e  order  of the s i z e  of t h e  inhomoeeneities, 
it i s  found t h a t  t h e  assumption of a log-amplitude 
normal f i e l d  p r o b a b i l i t y  d i s t r i b u t i o n  prov4d -L e s  a 
very goed f i t  t o  t he  photocount data .  
A shortened account of t he  r e s u l t s  of t h i s  t h e s i s  
w i l l  be published i n  a f u tu r e  i s s u e  of t h e  Journal  
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of t h e  Opt ica l  Socie ty  of America. 
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1. Descr ip t ion  of t h e  System 
The photocount system uses  a  PDP-8/~ computer a s  
a  512 channel ana lyzer .  A block diagram of t h e  system 
i s  given i n  Figure A l .  A b r i e f  d e s c r i p t i o n  of t h e  
system fol lows.  
The output  of t h e  pho tomul t ip l i e r  tube (PMT) i s  
amplif ied by a  f a c t o r  of 100 us ing  t h e  Lecroy 134 
wideband ampl i f i e r .  The output  of t h e  a m p l i f i e r  
goes t o  one channel of a  Lecroy 520A 200 MHz dual  
s c a l e r .  This s c a l e r  counts  t h e  number of photo- 
e l e c t r o n  p u l s e s  emit ted by t h e  pho tomul t ip l i e r  dur ing  
a count ing i n t e r v a l  determined by t h e  output  pu l se  
width of t h e  Advanced Automation 2000 genera tor .  
A t  t h e  end of a  counting i n t e r v a l  t h e  Hewlett 
Packard 222A genera tor  sends a  pu l se  t o  t h e  i n t e r f a c e ,  
which i n i t i a t e s  read i n  of t h e  number of counts  i n  t h e  
s c a l e r  i n t o  t h e  computer. Af te r  t h e  da ta  have been read 
in ,  a  pu l se  i s  s e n t  from t h e  i n t e r f a c e  t o  s t a r t  ano the r  
counting i n t e r v a l .  The computer, a t  t h e  same time, 
begins execut ion  of a  program which w i l l  i nc rease  by 
one t h e  number s t o r e d  i n  t h e  channel  c o r r e s p ~ n d i n g  t o  
t h e  number of counts  j u s t  read i n .  The da ta  ga the r ing  
proceeds i n  t h i s  manner. 


Data i s  accumulated u n t i l  e i t h e r  the  channel 
corresponding t o  t h e  most probable number of counts  
overflows (channel c a p a c i t y  i s  approximately 8.4 x 
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10 even t s )  o r  t h e  experiment i s  terminated by t h e  
opera to r  from t h e  t e l e t y p e  keyboard. 
The computer then  c a l c u l a t e s  t h e  p r o b a b i l i t i e s ,  
~ ( n ) ,  f o r  t h e  number of counts  i n  a  count ing i n t e r v a l .  
It a l s o  p r i n t s  out  t h e  f i r s t  and second moments of 
t h e  p r o b a b i l i t y  d i s t r i b u t i o n ,  < n )  and <n2> , a s  
we l l  a s  t h e  reduced f a c t o r i a l  moments; 
A l l  c a l c u l a t i o n s  a r e  t o  s i x  s i g n i f i c a n t  f i g u r e s .  The 
p r i n t o u t  a l s o  inc ludes  t h e  nuqber of even t s  ( i . e . ,  t h e  
number of count ing i n t e r v a l s )  occurr ing  i n  t h e  course 
of t h e  experiment. 
The requirement that; t h e  count ing i n t e r v a l  be 
much l e s s  than  t h e  r e l a x a t i o n  time of  t h e  s c a t t e r e r  
under s tudy may be e a s i l y  met by s e t t i n g  t h e  pu l se  width 
of t h e  Advanced Automation generator .  The requirement 
t h a t  t h e  count ing i n t e r v a l s  be separa ted  by a  time 
g r e a t e r  than  t h e  r e l a x a t i o n  t ime of t h e  s c a t t e r i n g  
mechanism can be met by de laying  t h e  output  of t h e  
Advanced Automation genera tor  wi th  r e s p e c t  t o  t h e  
s t a r t  pu l se  s e n t  by t h e  i n t e r f a c e ,  Such a  v a r i a b l e  
de lay  i s  a  f e a t u r e  of t h e  genera tor .  
2. Some Notes on t h e  PDP-8/~ 
It i s  recommended t h a t  before  t r y i n g  t o  run t h e  
system, whose opera t ion  i s  p r i m a r i l y  dependent upon 
t h e  computer, some a t tempt  be made t o  f a m i l i a r i z e  one- 
s e l f  wi th  t h e  computer con t ro l s .  It would seem t h a t  a  
reading  of the  f irst  23 pages of t h e  DEC Small Cmputer  
Handbook i s  a  minimum i n  t h i s  regard.  
For a more d e t a i l e d  knowledge of t h e  system, and 
a s  a  p r e r e q u i s i t e  f o r  understanding and t roubleshoot ing  
t h e  i n t e r f a c e ,  chap te r s  9, 11 and 12 of t h e  same manual 
a r e  recammended reading.  
A s  a  reminder, and t o  keep e a s i l y  f o r g o t t e n  f a c t s  
a t  hand, t h e  fol lowing computer information i s  presented.  
The Computer ?:-xber System 
-
The PDP-8/~ computer i s  s 1 2  b i t  machine, That is, 
it does a r i t h m e t i c  on b i n a r y  numbers with 12 b ina ry  
d i g i t s  o r  b i t s ,  a b i t  being e i t h e r  0 o r  1. The b i t s  
a r e  numbered from l e f t  t o  r i g h t  and have t h e  fol lowing 
p o s i t i o n  c o e f f i c i e n t s :  
1 1 1 0 9 8 7 6 5 4 3 2 1  0 
Value 2  2 2 2 2 2 2 2 2 2 2  2 
Thus t h e  b ina ry  number 
100100111 
can be found i n  decimal a s :  
It should be apparent  tks: 12 b i t  b ina ry  numbers a r e  
r a t h e r  cumbersome, s o  t h e  c r 3 u t e r  i s  s e t  up t o  recognize 
commands a s  4 c h a r a c t e r  octa: numbers. These o c t a l  
numbers a r e  r e a l l y  t h e  1 2  b i t  b i n a r y  numbers handled 
i n  a  s l i g h t l y  d i f f e r e n t  rnanm-. They a r e  formed by 
beginning wi th  a  b ina ry   numb^?, say  
0110101111= 1 
and s e p a r a t i n g  it i n t o  3 b i t  zroups s t a r t i n g  a t  t h e  r i g h t :  
011 010 11, 101. 
The b ina ry  groups a r e  then  r ~ 2 l a c e d  by t h e i r  o c t a l  
equiva lents :  
and t h e  b ina ry  number i s  c o n ~ e r t e d  t o  i t s  o c t a l  equivalent: 
3275 
Conversely, an o c t a l  n r j e r  can be expanded t o  a  
b i n a ~ y  number us ing  t h e  same t a b l e  of equiva lents :  
3. The PDP-8/~ Front  Panel 
I n  o rde r  t o  run  t h e  photocount system, i t  i s  necessary  
t o  be a b l e  t o  manipulate t h e  f r o n t  panel  c o n t r o l s  of t h e  
PDP-8/~. The use of t h e  f r o n t  panel  i n  t h e  opera t ions  
necessary  t~ load and run t h e  system software i s  summarized 
below. For more d e t a i l e d  information, check t h e  DEC 
Small Computer Handbook, Ch. 2. 
1. Loading Program Tapes, 
a )  MEM PROT, DATA FIELD, INST FIELD: a l l  down. 
SING STEP: up. 
b) B i t s  0 t h r u  11 of t h e  SWITCH REGISTER: 
a l l  up (7777 o c t a l ) ,  
c )  Depress LOAD ADDR momentarily. A l l  l i g h t s  
under MEMORY ADDRESS shou.ld l i g h t  up. 
d )  Turn t e l e t y p e  c o n t r o l  t o  LINE. Set r e a d e r  
switch t o  FREE, Load paper t a p e  i n t o  reader .  
e )  ~ u r h  r e a d e r  switch t 3  START. 
f )  Depress START on f r o n t  panel.  Tape should 
read in .  
2,  h a d i n g  Addresses and Checking Contents. 
a )  Se t  t h e  address  i n t o  t h e  SWITCH REGISTER i n  
o c t a l ,  A switch up i s  a b ina ry  one, down a 
zero,  
b) Depress LOAD ADD?. Check MEMORY ADDRESS l i g h t s  
f o r  c o r r e c t  address ,  
c )  Check MEMRY B U F Z R  l i g h t s  f o r  o c t a l  con ten t s  
of address .  
d )  Repeated p ress ing  of t h e  EXAMINE switch w i l l  
increment t h e  ad,-esses one by one, a l lowing 
you t o  examine t2s con ten t s  of success ive  
l o c a t i o n s ,  
3. Changing t h e  Contents of  an Address 
a )  Follow s t e p s  2a) yhrough 2c) above. 
b)  S e t  t h e  des i red  c = t a l  con ten t  of t h e  
address  i n t o  t h e  SWITCH REGISTER. 
c )  Raise up t h e  DEP switch. This d e p o s i t s  
t h e  con ten t s  of' zne SWITCH REGISTER i n  t h e  
s e l e c t e d  address ,  
d)  Contents of t h e  E - ~ c c e e d i n g  l o c a t i o n s  can be 
a l t e r e d  by s e t t i r ~  t h e  d e s i r e d  con ten t s  i n t o  
t h e  SWITCH REGISXR i n  sequence and r a i s i n g  
t h e  DEP switch a z ~ e r  each s e t t i n g  of t h e  
SWITCH REGISmR. 
4. Running t h e  System 
1. If t h e  Multichannel Anall--zer program i s  i n  core,  
begin a t  s t e p  5. If not ,  load address  7777 by means 
o f  t h e  SWITCH REGISTER o i  t h e  PDP-8/~, 
2. Load t h e  MCA t a p e  i n t o  t h e  paper t ape  reader ,  make 
su re  t h e  t e l e t y p e  i s  on LINE, and t u r n  on t h e  reader .  
3. P ress  START. Tape should read i n  and s t o p  a t  roughly 
one-third of t h e  way through. 
4. When t h e  t ape  s tops ,  p r e s s  CONT. This  loads t h e  
F loa t ing  Point Arithmetic package. E n t i r e  MCA 
program i s  loaded when t ape  s tops .  
5. S e l e c t  Options: 
a )  Address 0020 normally con ta ins  1000. The 
program r g i l l  normally p r i n t  out  1000 o c t a l  
channels  (512 decimal).  If  fewer channels a r e  
des i red ,  t h e  des i red  o c t a l  number may be i n s e r t e d  
i n  l o c a t i o n  20. 
b) Address 0021 normally con ta ins  a 0. This  a l lows 
t h e  program t o  s k i p  an automatic o c t a l  dump of 
t h e  nunlber of even t s  i n  each channel a f t e r  t h e  
p r i n t o u t  of p r o b a b i l i t i e s .  If automatic o c t a l  
dwnp i s  des i red ,  any number f 0 may be put  i n  t h i s  
address .  
c )  Address 0022 normally con ta ins  a I. This  sends 
t h e  program i n t o  a wa i t ing  r o u t i n e  a f t e r  e i t h e r  
t h e  p r i n t o u t  of p r o b a b i l i t i e s  o r  o c t a l  dump. If s e t  
= 0, w i l l  h a l t  t h e  program i n s t e a d  of wai t ing.  
6 Begin se tup  of t h e  system. 
a )  Turn on i n t e r f a c e  and r e s t  of  experiment. 
b) System in te reonnec t ions  should be a s  shown i n  
Figure A l .  The genera to r  s e t t i n g s  should be: 
3, )  HP 222A 
Rep Rate : EXT. - 
Pulse Delay : .1 t o  .5 ,u sec  o r  des i red  va lue  
Pulse width : .5 f i  sec  
Pulse p o l a r i t y :  + 
Pulse amplitude: 2 v o l t s  
i i )  Advanced Automation 2000 
Rep Rate: EXT 
Gate: OFF 
NORMAL PULSE 
Delay: Desired Value 
Width: Desired Value 
Amplitude: + .5 v o l t s  
c )  Connect sync. output  of Advanced Automation genera to r  
t o  e x t e r n a l  t r i g g e r  inpu t  of osc i l loscope .  S e t  
scope t o  t r i g g e r  on p o s i t i v e  s i g n a l .  
d)  Using a 50 SZ t e rmina to r  on one scope channel 
input ,  c ~ n n e c t  t h e  output  of t h e  HP genera tor  t o  
t h e  scope by means of a BNC t e e .  The "FLAG I N "  
cab le  must s t i l l  go t o  t h e  i n t e r f a c e .  Se t  scope 
channel g a i n  t o  2 v/cm DC. Use scope on a l t e r n a t e  
mode. 
e )  Using a  BNC t e e  on t h e  Lecroy channel A i n h i b i t  
input ,  connect t o  o t h e r  scope channel without  a 
50 R te rminator .  (use of a  5 0 9 ~  te rminator  
would load down t h e  vo l t age  d i v i d e r  t h a t  pro- 
v ides  t h e  negat ive  b i a s  t o  t h e  i n h i b i t .  ) S e t  
scope channel g a i n  t o  .5 v/cm. 
f )  By means of t h e  SWITCH REGISTER, load address  
0023, P ress  START, This  i n i t i a t e s  a  se tup  
program which c o n t i n u a l l y  s u p p l i e s  s i g n a l s  
between t h e  computer i n t e r f a c e  and t h e  e x t e r n a l  
genera tors .  If no waveforms a r e  displayed on 
t h e  scope, p r e s s  t h e  STOP bu t ton  on t h e  f r o n t  
panel  of t h e  computer. Check t h e  in terconnect ions  
and genera to r  s e t t i n g s  (see 6b and 6c ) .  Make 
su re  i n t e r f a c e  power supply ( + 5 v o l t s  ) i s  
on. Reload address  0023 and p r e s s  START again.  
g)  S e t  d e s i r e d  counting i n t e r v a l ,  This  i s  done by 
s e t t i n g  t h e  time t h a t  t h e  Advanced Automation 
genera tor  spends a t  0 v o l t s  ( 0 v o l t s  l i f t s  t h e  
i n h i b i t ,  - .5 v o l t s  i n h i b i t s ) ,  The time between 
success ive  c ~ u n t i n g  i n t e r v a l s  may be var ied  by 
means of the  pu l se  d e l a y  c o n t r o l  on t h e  Advanced 
Automation generator .  Af te r  s e t t i n g  count ing 
i n t e r v a l  and delay,  check t h a t  t h e  f l a g  p u l s e  
(output  of  Mewlett Packard genera tor )  fo l lows 
t h e  t r a i l i n g  edge of t h e  count ing i n t e r v a l .  
The t r a c e  on t h e  osc i l loscope  should appear  
s i m i l a r  t o  below: 
The minimum de lay  between counting i n t e r v a l s  i s  
roughly 12 t o  18 microseconds owing t o  program 
delays.  Addit ional  d e l a y  between counting 
i n t e r v a l s ,  beyond t h a t  provided by t h e  Advanced 
Automation genera tor ,  may be obtained by de laying  
t h e  f l a g  p u l s e  us ing  t h e  de lay  c o n t r o l  on t h e  
Hewlett Packard. 
The main mult ichannel  ana lyze r  program Is now s t a r t e d  
by loading  address  5400 by means of the SWITCH REGISTER 
and p r e s s i n g  START. This begins  t h e  sequence of 
count ing i n t e r v a l s .  The counting w i l l  cont inue u n t i l  
> 
*COUNTING INTERVAL - C-DELAY - 
one channel overflows ( a t  roughly 8 m i l l i o n  even t s )  
o r  t h e  count ing i s  terminated from t h e  t e l e t y p e  
keyboard by p ress ing  $. 
8, When t h e  count ing s tops ,  through e i t h e r  overflow o r  
keyboard i n t e r r u p t i o n  using a $, t h e  u s e r  then has  
s e v e r a l  op t ions  a v a i l a b l e ,  depending upon t h e  a c t i o n  
taken i n  s t e p  5. Roughly 8 seconds a f t e r  t h e  counting 
s tops ,  t h e  computer begins , i ts  p r i n t o u t  rou t ine .  It 
w i l l  p r i n t o u t  NBAR, N ~ B A R ,  H2, H3, and t h e  t o t a l  
number of events .  It then  begins  p r i n t o u t  of t h e  
p r o b a b i l i t i e s  f o r  a  given number of counts  i n  a 
count ing i n t e r v a l .  It i s  a t  t h i s  p o i n t  t h a t  t h e  
op t ions  become a v a i l a b l e .  
a )  If l e f t  untn ter rupted  dur ing  t h e  p r o b a b i l i t y  
p r i n t o u t ,  the  t e l e t y p e  w i l l  e i t h e r  p r i n t o u t  a l l  
1000 o c t a l  channels  o r  t h e  lawer number i n s e r t e d  
dur ing  s t e p  5 a ) .  A t  t h e  end of t h i s  p r i n t a u t ,  
t h e  t e l e t y p e  w i l l  type t h e  sum of t h e  p r o b a b i l i t i e s  
which have been p r i n t e d  out .  I f ,  du r ing  p r o b a b i l i t y  
p r i n t ~ u t  a $ is pressed on t h e  keyboard, t h e  t e l e -  
type  w i l l .  f i n i s h  p r i n t i n g  ou t  t h e  l i n e  it i s  on 
and w i l l  then  p r i n t  the sum of only  t h e  p r o b a b i l i t i e s  
which have been p r i n t e d  out t o  t h a t  point. 
b)  What happens a t  t h i s  p o i n t  depends on what was 
done i n  s t e p  5b). If t h e  o c t a l  dump was se lec ted ,  
i t  w i l l  begin- immediately.  This may be terminated 
a t  any time by a  $ on t h e  keyboard, If n o t  termi-  
nated,  t h e  number sf o c t a l  channels  se lec ted  i n  
5a)  w i l l  be p r i n t e d  out .  Both channel number and 
channel con ten t  a r e  given i n  o c t a l  numerical 
form. If o c t a l  dump was not  se lec ted ,  t h e  
program goes t o  t h e  op t ion  descr ibed  next .  
c )  After  p r i n t o u t  of t h e  p r o b a b i l i t i e s  and t h e  
o c t a l  dump ( i f  s e l e c t e d  i n  s t e p  5b ), t h e  program 
w i l l  e i t h e r  h a l t  o r  go i n t o  a  wa i t ing  r o u t i n e  
depending upon t h e  op t ion  s e l e c t e d  i n  s t e p  5c) .  
If' t h e  program h a l t s  and it i s  des i red  t o  r e -  
s t a r t  it, load address  5400 and p r e s s  START. 
If  it remains i n  t h e  wa i t ing  rou t ine ,  t h e  
fol lowing commands may be given from t h e  key- 
board : 
C - cont inues  count without  c l e a r i n g  channels 
R - r e s t a r t s  count a f t e r  c l e a r i n g  channels 
0 - p r i n t s  out  o c t a l  dump 
H - h a l t s  program 
9. To s h u t  down t h e  system, p r e s s  H when t h e  computer i s  
i n  t h e  wa i t ing  r o u t i n e ,  t h e n  t u r n  o f f  t h e  computer 
and i n t e r f a c e .  
5. Descript ion of I n t e r f a c e  Logic and Timing 
A l o g i c  diagram of t h e  c i r c u i t r y  which accomplishes 
t h e  t r a n s f e r  of da ta  between t h e  Lecroy 200 MHz s c a l e r  
and t h e  PDP-8/~ computer i s  g2ven i n  Figure A2. A more 
d e t a i l e d  breakdown t o  DEC F l i p c h i p  boards t o g e t h e r  wi th  
connector assignments may be found i n  Figure ~ 4 ,  A 
t iming diagram t o  be used wi th  FigureA2 i s  given i n  
Figure A 3 .  The d e s c r i p t i o n  of i n t e r f a c e  t iming fol lowing 
i s  done wi th  r e fe rence  t o  F igures  A2 and A 3 ,  
The t iming diagram begins wi th  t h e  computer i n  a 
r o u t i n e  which awa i t s  t h e  appearance of a f l a g  (3 ,  
s i g n i f y i n g  t h e  presence of da ta .  Thus t h e  Advanced 
Automation 2000 genera to r  @ , which c o n t r o l s  t h e  
time dur ing  which photoe lec t rons  a r e  counted, i s  s t i l l  
i n  t h e  up s t a t e ,  The computer i s  i n i t i a t i n g  a s e r i e s  of 
6141 I O T  p u l s e s  - @ which, i n  t h e  absence of a f l a g  
output ,  does not  te rminate ,  When t h e  f l a g  is  s e t  t o  a 
one s t a t e ,  s i g n i f y i n g  t h e  ending of t h e  count ing i n t e r v a l ,  
t h e  program then  i n i t i a t e s  an  IOT 6142 p u l s e  @ which 
reads  i n  t h e  d a t a ,  The program sequence t o  accomplish 
t h i s  is: 
6141 /SKIP NEXT STEP I F  FLAG = 1 





The 6142 pu l se  r eads  i: t h e  d a t a  i n  t h e  fo l lowing 
way: 
1. The appearance of :he f l a g  a l s o  p l a c e s  
t h e  ou tpu t s  of t h e  f i r s t  12 b i t s  of channel A 
of t h e  Lecroy s e a l ? ?  on t h e  i n p u t s  of t h e  
~ 6 2 4  bus d r i v e r .  S 5  does t h i s  by p u t t i n g  
+ 3 v o l t s  on t h e  " r t r o b e  channel  A"  input  
of t h e  s c a l e r .  
2. For t h e  d u r a t i o n  ="he 6142 pulse ,  t h e  ou tpu t s  
of t h e  ~ 6 2 4  bus d ~ l v e r  and t h e  c l e a r  AC a r e  
a s s e r t e d .  This ac:~mplishes t h e  loading of  
t h e  d a t a  from the  Zzcroy i n t o  t h e  PDP-8/~ 
accumulator. &ca--Lse of s i g n a l  invers ions ,  
t h e  complement of :he da ta  i s  a c t u a l l y  read 
i n t o  t h e  computer as i n  @ 1. 
The t r a i l i n g  edge of 1 - T  6142 t r i g g e r s  a  one s h o t  
of 5 microseconds duratl.on @ which sumultaneously 
c l e a r s  t h e  Lecroy s c a l e r  and r e s e t s  t h e  device f l a g .  
The t r a i l i n g  edge of t h i s  on% s h o t  t r i g g e r s  another  one 
shot  of 1 microsecond d u r a t l c n  @ , t h e  output  of 
n 
which i s  used t o  t r i g g e r  the  .4A 2000 genera tor  w y  
which times t h e  count ing i n t e ~ v a l ,  beginning t h e  whole 
sequence again.  
The l e n g t h  of t h e  count ing i n t e r v a l  i s  s e t  by t h e  
pu l se  width c o n t r a 1  of t h e  AA genera tor .  If it i s  
necessary  t o  s e p a r a t e  count ing i n t e r v a l s  widely t o  
i n s u r e  count ing of independent samples, t h e  p u l s e  
de lay  c o n t r o l  of t h e  AA genera to r  does t h e  job. 
The output  of t h e  AA genera to r  i s  s e n t  t o  t h e  
e x t e r n a l  t r i g g e r  i n p u t  of t h e  HP 2 2 A  genera to r  
through a  d i f f e r e n t i a t o r .  The HP genera to r  i s  set 
t o  t r i g g e r  on t h e  t r a i l i n g  edge of t h e  AA t iming pulse .  
The p u l s e  from t h e  HP genera to r  i s  used t o  s e t  t h e  
device f l a g ,  t h u s  s i g n a l i n g  t h e  a v a i l a b i l i t y  of da ta  
f o r  t h e  computer. 
The t iming diagram shows two sequences t h a t  can 
happen a s  f a r  as t h e  r o u t i n e  which w a i t s  f o r  d a t a  i s  
concerned. If t h e  MCA r o u t i n e  i s  accomplished before  t h e  
end of t h e  count ing i n t e r v a l ,  t h e  10T  sequence o f  
pu l ses  w i l l  occur, wa i t ing  f o r  a  f l a g .  I f  t h e  MCA r o u t i n e  
t a k e s  longer  than  t h e  count ing i n t e r v a l ,  t h e  f l a g  w i l l  
be set and t h e  f i r s t  IOT m w i l l  i n i t i a t e  read i n  of  t h e  
da ta .  
m e  IOT 6144 se rves  no f u n c t i o n  a s  f a r  a s  r o u t i n e  
read i n  of d a t a  i s  concerned. It can be used t o  s e t  
t h e  device  f l a g  and t r i g g e r  t h e  1 microsecond one sho t  
t o  provide t e s t  p u l s e s  t o  ckc:k t h e  Lecroy s c a l e r  and 
t h e  i n t e r f a c e  through t h e  us? of t h e  PTEST program. 
PTEST i s  a d i a g n o s t i c  ;-ogram which checks out  
a p o r t i o n  of t h e  i n t e r f a c e  arzl t h e  opera t ion  of  t h e  
Lecroy s c a l e r ,  a t  l e a s t  a t  r f l a t i v e l y  low f requencies ,  
through t h e  use of count ing ; - ~ l s e s  generated i n  t h e  
i n t e r f a c e .  The next  page g i ; - ~ S  a  program l i s t i n g  
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JMP I COUNT 
STOP, P/ 
98 
6. The PTEZT Program 
JPTEST - DIAGNOSTIC PROGRAM 
/TO RUN, PUT START COUNT INTO 
/EXTERN~L TRIGGER INPUT O F  
/HEWLET' lACXARD 222A GENEHATOR 
/REP. R A 3  -MAN./EXT. + 
/PULSE ELAY - .5 USEC. 
/PVLSE i.iT3TH - .5 USEC 
/PULSE LARITY - NEGATIVE 
/PULSE .-I ?LITUDE - .5 TO 1 VOLT 
/OUTPUT ?3 LZCROY CHANNEL A INPUT 
/CHANNEL -4 ATTENUATOR - X 5  
/MANUAL 5-JTTON ON 222A SHOULD FLIP  LECROY 
 MA^ S F 3  INHIBIT ON LECROY IS  OFF 
/SET S~JI::H REGISTER TO 7777 
/LOAD PTZ.ST USING EIN LOADER 
/CLEAR IZ :ROY CNAPMEL A TJSTSING CLEAR 
/BUTTON 1 ?J FRONT PANEL 
/LOAD ACZ3ESS 54@@ AND START PROGRAM 
;/PROGRAI~; :-IALTS- f i  5445 WITHIN 1 SECOND 
/CORRESPC NDENCE SHOULD BE: 
/ADDRXSS 1 BIT (ALL OTHERS $) 
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F i g w z  A4 
PDP-8/~ photocount i ~ t e r f a c e  schematic. 
Notes: 
1. Connector des igna t ions  : 
LC1 - I n t e r f a c e  inpu t  f r z x  Lecroy s c a l e r  
LC0 - Output connector  5- Lecroy s c a l e r  
D34, D35, D36 des igna te  -: ~ t h  an output  from t h e  
i n t e r f a c e  and an  inpu t  tc t h e  computer, connected 
by r ibbon cables .  
2. A l l  s i g n a l  ou tpu t s  of' t k r  Lecroy s c a l e r  a r e  t i e d  
t o  ground through 1 KR ztt t h e  s c a l e r .  
3. Supply vol tages :  
+5VDC, PIN A 2  sf M112, 33, ~624 ,  M32 
GND - PINS T1 and C 2 ,  A l l  connectors  and modules 
4  A 1 1  g a t e s  marked g  a r e  3n M112 module 
5. + and - 6s a r e  sens ing  l e a d s  t o  r e g u l a t e  t h e  
+ and - 6V supply which s - ~ p p l i e s  vo l t ages  t o  
t h e  Lecroy s c a l e r .  
+ 6 S  - 6 V  + 6 V  - 6 s  
--  
F L A G  INPUT- 0 
START COUNT INTERVAL 
LOG-NORMAL Di3TRIBUTION 
Inputs: < N) , H2 and ?;umber of Events, C 
C-FOCAL, 1969 

APPENDIX - C 
CONPARISON OF,GAUSS-LAGUERRE INTEGRATION 
AND NUMERICAL INTEGRATION 
LOG NORPIAL D I S T R I B U T I O N  
REFERENCES 
1. See, f o r  example, A. Sommerfeld, Optics  
( ~ c a d e m i c ,  New York, 1954) p. 196. 
2. IL Martienssen and E. S p i l l e r ,  Am. J. Phys. 32 J 
; F. T. Arecchi, Phys. Rev. L e t t e r s  15 
-
3. F. T. Arecchl, M. Gigl io  and U. T a r t a r i ,  
Phys. Rev. - 163, 185 (1957); N. A.  Clark, 
J. H. Lunacek, and G. Be Benedek, Am. J. Phys. -9 38 
575 (19701. 
F. T, Arecchi, i n  Quantum Optics ,  e d i t e d  by R. J. 
Glauber (~cademic ,  N e w  Yc~rk, 1970) p. 101. 
Two a u t h o r i t a t i v e  reviews on t h e  problem of l i g h t  
s c a t t e r i n g  from thermodynamical f l u c t u a t i ~ n s  a r e :  
I. L. ~ a b e l i n s k i i ,  M ~ l e c u l a r  S c a t t e r i n g  of Light 
(Plenum, New York, 1568) and G. B. ~ e n e d e k ,  i n  
Ninth Brandeis Smmer I n s t i t u t e  i n  Theore t i ca l  
-- ."-- 
~ h y s i c f l ~ a r d o n  and Breach, New Eric, l.968), 
Approximate s p e c i f i c a t i o n  from t h e  Spectra-Physics 
D'Iodel 119 l axe r  I n s t r u c t i o n  Nanual. 
J. W. Goodman, In t roduc t ion  t o  Four ie r  Optics 
(~c~raw- ill, ~e-rp. 60. 
R. Po  Feynman and A,  R. Hibbs, O,uantwn Iqechanics 
and Path I n t e z r a l s  (~c~raw- ill, New York, 3-96?) 
5735-777 
V, V. Anisimov, S. M. Kozel, and G. 3. Lolcshin, 
Opt. Specktrosk. -9 27 258 (1969). 
Ref. 4., p. 100. 
Scc, f 3 r  example, M. J. L i g h t h i l l ,  In t roduc t ion  
t o  Four ie r  Analysis and -Generalised Pu.nctlons 
v n i v e r s i t y  Press ,  Cambridge, 1953) p.  29 and 
E, Guillemin, Theory of Linear  Physical  Systems 
(Wiley, New York, i 9 6 r  m. 
F, Reif,  Fundamentals of S t a t i s t i c a l  and Thermal 
Physics (~vlcGraw-Hill, E w  York, 1 9 6 5 ) T  
See G, B. Benedek, r e fe rence  5, pp. 92-98. 
C,  Freed and H. Haus, Phys, Rev. -9 1-41 287 (1966). 
M. C, Wang and G, Uhlenbeck, Rev, Mod. Phys. 1 7  
-9 
326 (1945). 
N, C,  Ford and G. B. Benedek, Phys, Rev. L e t t e r s  
1 5  649 (1955). 
-5 
An extens ive  b ib l iography of photon counting 
l i t e r a t u r e  appears  i n  J. D, Kuppenheimer Jr., 
" I n t e n s i t y  and Phase Modulation of Laser Beams 
and Photon Count D i s t r i b u t i o n s  " (unpublished 
Ph,D. d i s s e r t a t i o n ,  Worcester Polytechnic 
I n s t i t u t e ,  1969). 
L, Mandel, i n  Progress i n  Optics ,  Vol. 2, ed r t ed  
by E. Wolf ( ~ o r t h - ~ o l l a n d ,  Amsterdam, 1963). Also 
L. Mandel and E. Wolf, Rev. Mod, Phys. 37, 231 (1955). 
W ,  G. Clark, "Photoelectron Counting D i s t r i b u t i o n s  
of Modulated and S e c ~ n d  Harmonic Generated Light 
~ e a m s "  (unpublished Ph, D, d i s s e r t a t i o n ,  Worcester 
Polytechnic I n s t i t u t e ,  1971).  
J. IJ, S t r u t t  ( ~ 3 r d  Rayleigh),  The Theory - of Saund 
(Dover, New York, 1945) pp, 3 5 x .  
R. J. 'Glauber, Phys. Rev. 131, 2766 (1963) 
-
E, Butkov, Ma themat l e a l  Physics  ( ~ d d i s o n  Wesley, 
Reading, Mass., 1968) p. 299. 
Reference 17, p. 54. 
Reference 4, p, 68, 
H. Cramer, Mathematical Methods of S t a t i s t i c s  
(pr ince ton  Universf ty  Press ,  Princeton, 19423- p,  186. 
I b i d .  p. 188. 
P
Reference 17, p. 57. 
See Reference 17. 
Reference 4, p. 74. ALso Reference 31, p. 66. 
V. I. Ta ta r sk i ,  Wave F-:pagation i n  a Turbulent 
Medium ( M C G ~ ~ W - I - I ~ L ~ ,  1;f .; York, 1 g n ) f  
L. A. Chernov, Wave Pr::sqation i n  a Random Mediun 
-- ( ~ ~ ~ r a w - ~ i l l ,  Nkw Yark:, 1900); 
J ,W.  Strohbehn, Proc, I E E  56, 1301 (1968). 
-
G. F. Riley,  "Experimer:a~ Determination of t h e  
P r o b a b i l i t y  D i s t r i b u t i c ?  f ~ r  I r a d i a n c e  F luc tua t ions  
of Laser Ecams i n  a Tu-rulent Atmosphere by Photon 
Countingu (unpublished 'h. D. d i s s e r t a t i o n ,  Wor- 
c e s t e r  Polytechnic I n s t  Ltute,  1970). 
See re fe rence  19, i ipper l ix  A. 
Reference 8. 
P. Diament and M. C. Telch, JOSA 60. 1489 (1970). 
Reference 31, p. 49. 
G. Arfken, Mathematical N e t h ~ d s  f o r  P h y s i c i s t s  
(~cademic ,  New York, 1;--73,- 
P r i v a t e  communication ;c l th  Dr. Ri ley ,  
Z. Kopal, Numerical A n s L ~ s i s  (Chapman and Hall, 
London, 3.955). The c o e r f i c f e n t s  f o r  t h e  Gauss- 
Laguerre i n t e g r a t i o n  a r ?  on p. 371. The Simpsons 
r u l e  i n t e g r a t i o n  i s  on y .  406, 
als:  M, Abramowitz and I. I b i d  9 p. 525. See 
Stegun, Handbaok of (u. S. ~overnmG'?YtTr in t~ng  Cjffi - - 
D. C. ,  1964) p e  923. 
!ilar-.~lmatical Functions 
ce ,  Washington 
M r ,  Ern ie  Gustafson of :he Norton Company k indly  
furn ished  s e v e r a l  a b r a s i v e  samples. 
L. R.  Wilcox, IEEE Jouzz21 of Quantum E l e c t r o n i c s  2, 
557 (1955) -
L. E. Estes ,  L. PI. Nardxzci, and R. A. Tuft, t o  
be published i n  J O S A  51. (1971). The a r t i c l e  w i l l  
-." probably appear i n  t h e  -2ptember i s s u e .  
PART 11. Photoelectron Counting D i s t r i b u t i o n  of Second Harmonic Light  
Generated by a Pseudo-thermal Source (* 
William G. Clark, Lee E .  Estes, and Lorenzo M. Narducci 
Worcester Polytechnic I n s t i t u t e  
Worces te r ,  Massachusetts 01609 
Abst rac t  
We c a l c u l a t e  the  photoelectron counting d i s t r i b u t i o n  f o r  
second--harmonic l i g h t  generated by a monochromatic, single-mode, thermal 
l i g h t  source and compare our p red ic t ions  wi th  experimental r e s u l t s  us ing  
a s  a fundamental l i g h t  source a s u i t a b l y  modulated l a s e r  beam. 
(*) This work was p a r t i a l l y  supported by NASA Grant NGR 22-017-019 
(1970-71) and NSF I n i t i a t i o n  Grant GK-5517. 
Introduction 
The purpose of the present communication is that of presenting 
a few theoretical and experimental results concerning the photoelectron 
statistics of the second harmonic radiation produced by a light beam whose 
irradiance fluctuations are those of a thermal source. 
Because of the nonlinear nature of the second-harmonic -generation 
(S.H G. ) process, irradiance fluctuations that are present in the fundamen- 
tal beam are expected to produce quite different fluctuations in the second 
harmonic radiation. 
A well-known source exhibiting irradiance fluctuations is a light 
beam with a gaussian field amplitude probability density and zero mean. 
Although such a source can be conveniently prepared by suitably modulating 
a stable He-Ne laser beam by means of a rotating ground glass with small 
1 
average inhomogeneities , our presently available power levels are not high 
enough to produce detectable seconb-harmonic signals. 
In the present investigation we have electronically modulated the 
output of a He-Ne laser in such a way that the irradiance fluctuations are 
very close to those of a narrow band, polarized thermal beam. The photo- 
electron distribution derived in the theoretical section of this paper has 
been favorably compared with the experimentally measured distributions. 
Theoretical outline 
When a beam of light is incident on a photomultiplier for a time 
interval T the resulting distribution of photoelectrons can be predicted by 
averaging the Poisson process of photoemission over the possible realiza- 
tions of the field irradiance ~(t). If the measurements are made within a 
coherence volume of the light, the probability ~ ( n )  that n photoelectrons 
a r e  e jec ted  i n  the  time i n t e r v a l  T i s  given by 2 
where i s  a  constant  which accounts f o r  the geometry of the  experiment I I 
I 
and the  quantum e f f i c iency  of the  phorosensi t ive surface.  The brackets, i ! 
( >, i n d i c a t e  t h a t  an ensemble aversge i s  taken over the i r r ad iance  f l u c -  I 
uations.  For the  low i r rad iance  l e v e l s  used i n  our experiments the  process 
of S.H.G. can be accura te ly  described 5y the  expression 3  
which r e l a t e s  the  i r r ad iance  I of t k e  second harmonic t o  the  i r r ad iance  SH 
I of the  fundamental beam. The consrant  K, i s  determined by the  degree of F  
phase matching and the  magnitude of tLe nonlinear p o l a r i z a b i l i t y .  Combining 
e q i s .  (1) and (2), one obta ins  the  c c l n t i n g  d i s t r i b u t i o n  f o r  the  second 
harmonic radia t ion,  
We s h a l l  perform the  averagi  indica ted  i n  eq .  (3)  f o r  two s p e c i a l  
-- 
cases.  I n  the  f i r s t  case we consider a fundamental l i g h t  beam which i s  
generated by a  s i n g l e  mode ampli tude-stabil ized l a s e r .  I f  the i r r ad iance  
of the  l a s e r  beam i s  IL, the  i r r a d i a ~ l e  p r o b a b i l i t y  d i s t r i b u t i o n  of the  
fundamental beam i s  a  d e l t a  function d ( I ~  - I~), and q .  (3) y ie lds  a  
- 
Poisson d i s t r i b u t i o n  of p h o t o e l e c t r o ~ s ,  
Experiments have been performed t o  t e s t  eq. - (4)  and the  r e s u l t s  which have 
4 
appeared i n  an e a r l i e r  publ ica t ion a re  i n  good agreement with t h i s  r e s u l t .  
The second case considered he re  i s  t h a t  of a s i n g l e  mode l a s e r  
beam which i s  modulated t o  produce i r rad iance  f l u c t u a t i o n s  t h a t  a r e  described 
by the p r o b a b i l i t y  d i s t r i b u t i o n  ~ ( 1 ~ ) )  
This d i s t r i b u t i o n  funct ion i s  c h a r a c t e r i s t i c  of a single.mode narrow.-band 
thermal beam and the  combination of e q r s .  (1) and (5)  y ie lds  the f a m i l i a r  
I Bose-Einstein d i s t r i b u t i o n  of photoelectrons, 
I /  
While the lack of i r r ad iance  f l u c t u a t i o n s  i n  the  f i r s t  case produced a 
Poisson d i s t r i b u t i o n  f o r  both the fundamental and the  second-harmonic beams, 
i n  t h i s  case we can expect the  nonlinear process of second-harmonic genera- 
t i o n  t o  enhance the  f l u c t u a t i o n s  of the  fundamental beam, thus producing 
1 
photoelectron s t a t i s t i c s  t h a t  no longer follow the  Bose-Einstein d i s t r i b u -  
P' 
t ion .  
Using eq. (5) )  eq. ( 3 )  takes the  form 
-5- 
The r e s u l t  of the  i n t e g r a t i o n  i s  the  photoelectron d i s t r i b u t i o n  
-& 
where d, =(XP ~(1,)) and D (a) i s  the  pa rabo l i c  cyl inder  function.  5 4 z n t r  1 
A s  expected, the  two beams produce q u i t e  d i f f e r e n t  photoelectron s t a t i s t i c s .  
Experimental Resu l t s  
The prepara t ion  of a  pseudo-thermal source ( i . e . ,  a  source exhib- 
i t i n g  the  i r r a d i a n c e  f l u c t u a t i o n s  t h a t  a r e  typ ica l  of narrow-band blackbody 
r a d i a t i o n )  t o  be used a s  the  fundamental beam i n  the  S.H.G. experiment 
p resen t s  two main d i f f i c u l t i e s .  F i r s t  of a l l ,  t he  low power l e v e l  ( 7  m ~ )  
I 
of the  single-mode He-Ne Spect ra-  Physics Model 120 l a s e r  does n o t  allow the  
i 
s i z a b l e  power l o s s  which would a r i s e  from conventional random modulation 
(e .  g. r o t a t i n g  ground g l a s s ) .  Secondly. the  index-matching condi t ion  r e -  
q u i r e s  t h a t  the  angle of incidence of the  fundamental beam on the  ADP c r y s t a l  
remain f ixed throughout the  dura t ion  of the  experiment. 
We chose t o  pass the  l a s e r  beam through a Pockel c e l l  modulator 
exh ib i t ing  an e x t i n c t i o n  r a t i o  of 500:l a s  shown i n , f i g .  1. The modulating 
- 
vol tage  t o  be appl ied  t o  t h e  Pockel c e l l  was produced by a s i g n a l  recorded 
on magnetic tape and amplif ied by a 1000 gain 2500 voEt .- power ampl i f ie r  with 
a l i n e a r  frequency response from 10 Hz t o  15 kHz. The time-dependent behav- 
i o r  of t h i s  s ignal ,  which was o r i g i n a l l y  produced by a Hybrid computer, was 
such t h a t  the  p r o b a b i l i t y  d i s t r i b u t i o n  P(I ) of the modulated i r r ad iance  
F 
would c l o s e l y  approximate eq. 5. 
Experiments performed on the  modulated l a s e r  beam r e s u l t e d  i n  the  
photoelectron counting d i s t r i b u t i o n  shown i n  f i g .  2. I t  w i l l  be noted t h a t  
I 
the  l a r g e s t  dev ia t ion  from the  t h e o r e t i c a l  Bose-Einstein d i s t r i b u t i o n  
t f  
occurs f o r  low values of the  photoelectron number n. This we a t t r i b u t e  t o  
some low-frequency d i s t o r t i o n  i n  the  modulating voltage,  caused by the ampli- 
f i e r .  Since a t  low i r rad iance  levels ,  the  amount of second-"harmonic 
r a d i a t i o n  i s  a l s o  low, i t  i s  expected t h a t  a  somewhat b e t t e r  agreement w i l l  
e x i s t  between the  experimental and the  t h e o r e t i c a l  photoelectron counting 
d i s t r i b u t i o n s  generated by the  second harmonic r a d i a t i o n .  
A t y p i c a l  experimental d i s t r i b u t i o n  of photoelectrons i s  shown i n  
f i g .  3 together with the t h e o r e t i c a l  p red ic t ion  and with a Bose-Einstein 
t 
.- 
d i s t r i b u t i o n  corresponding t o  the  experimental mean number of photoelectrons.  
Although a small systematic devia t ion e x i s t s  between the  experi-  
Y 
mental and t h e o r e t i c a l  r e s u l t s  we f ind  the  overa l l  agreement q u i t e  s a t i s -  
f ac to ry .  
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Figure 1. Schematic diagram of the experiment. 
(1)  l a s e r ;  (2)  6328i i n t e r f e r e n c e  f i l t e r ;  (3)  tape deck; 
(4)  2500 v o l t  ampl i f i e r ;  ( 5 )  Pockel c e l l ;  (6)  ADP c r y s t a l ;  
, :  r ( 7 )  Shot t  UG-5 f i l t e r s ;  ( E  3164i i n t e r f e r e n c e  f i l t e r ;  
(9) Amperex XP-1021 phot- l t ip l ie r ;  (10) t o  counting system 
Figure  2. Photoelectron counting s t ~ r i s t i c s  of the  pseudo-thermal source. 
Mean number of counts 5 = 1.93 and the  i n t e g r a t i o n  time = 50 ws. 
Curve No.  1 i s  the  t h e o r e t ~ c a l  Bose-Einstein d i s t r i b u t i o n  and 
curve No. 2 i s  the  experi-zntal  counting d i s t r i b u t i o n  obtained 
by modulating the  l a s e r  bezm. 
Figure  3. Photoelectron counting s t ~ s i s t i c s  of the  second harmonic l i g h t  
generated by the  pseudo-ttzrmal source. The mean number of 
counts  i s  ti = 2.84 and t h ~  i n t e g r a t i o n  time T = 50 ps. Curve 
No. 1 i s  the  t h e o r e t i c a l  I L s t r i b u t i o n  and curve No. 2 r ep resen t s  
the  experimental r e s u l t s .  Curve No. 3 i s  the  ~ose'-  in stein 
>* 




PART I11 A BRIEF NOTE ON THE UPPER BOUND OF THE OPTICAL 
TRANSFER FUNCTION (OTF). 
F o r  two decades now, workers  i n  optics have been applying the methods 
of e lec t r ica l  communication theory to optical sys tems treated as f i l te rs  of 
spat ial  frequencies.  While the success  of this approach is based upon the 
s imilar i ty  of the two fields (l inear f i l ter  theory),  it i s  important to  recognize 
that there  a r e  essent ial  differences. F o r  example, i n  electr ic  circui t  theory, 
the impulse response h(t)  is necessar i ly  causal  [h(t)=0, t(01. This condition 
imposes seve re  res t r ic t ions  on the physical realizabili ty of the e lec t r ica l  
frequency response  H(f.0); the r e a l  and imaginary p a r t s  of which a r e  con- 
s t rained to be Hilbert  t ransform pairs .  
In optics, the impulse response s(x) ,  being the intensity of light in  the 
point image, i s  necessari ly  a non-negative function. An interesting question 
that a r i s e s  the re  is whether o r  not this res t r ic t ion  imposes unique conditions 
on the optical t ransfer  function t(~). So fa r  a s  we can ascertain,  this i s  
still a n  unsolved mathematical  problem. Nevertheles s ,  the non-negativenes s , 
of s (x) does impose a n  upper bound on 2 (b). The solution to this problem 
(1 in  fact, has  existed in the optical l i te ra ture  for  some time. Lukosz in 
1962 provided the answer in  ore dimension and m o r e  recently (1 969) Fr ieden (2) 
gave the two-dimensional solution. In the course df our r e sea rch ,  we dis  - 
covered a s impler  proof of the theorem using the Schwartz inequality and, 
in  addition, determined the optimum lens coating to achieve the upper bound 
for each @. Curves i l lustrating the upper bounds in  one and two dimensions 
a r e  shown in Figures 111.1 and 111.2. The more  important features of the 
analysis a r e  listed a s  follows: 
1) Midway toward the diffraction limit (&=2), a uniform amplitude 
across  the entire pupil i s  optimum. No amount of apodization (coating) o r  
phase variations (aberrations) can achieve an OTF higher than 7 = 1 / 2  1 
a t  M=1. In two dimensions the upper bouad i s  2 = . 3  93 at  @ =l .  2 
2) In the range 1<WC2, a pair of slits represents the optimum coating 
While the slit  width i s  different for each h) , an upper bound of '2 = 112 can 
be achieved anywhere in this band. The corresponding solution in two 
dimensions i s  an annular aperture. 
3 )  In the range OCW<l, the optimum coating reduces to discontinuous 
rectangles which yield Lukosz's upper bound 2 4 - cos - ' In two dimen- NS1 
sions, Frieden's  upper bound i s  reached by se ts  of concentric circles 
properly weighted in transmission. 
4) In the very  low frequency regions Wc42, the asymptotic solution in 
one dimension reduces to a cosine tapering of the pupil with the f i r s t  zero  a t  
the edge and in two dimensions the corresponding solution i s  a zero  order 
Bessel function. 
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